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Abstract. Learning processes allow the central nervous system to learn
relationships between stimuli. Even stimuli from different modalities can
easily be associated, and these associations can include the learning of
mappings between observable parameters of the stimuli. The data struc-
tures and processing methods of the brain, however, remain very poorly
understood. We investigate the ability of simple, biologically plausible
processing mechanisms to learn such relationships when the data is rep-
resented using population codes, a coding scheme that has been found in
a variety of cortical areas. We require that the relationships are learned
not just from the point of view of an omniscient observer, but rather
the network itself must be able to make effective use of the learned re-
lationship, within the population code representations. Using a form of
Hebbian learning, local winner-take-all, and homeostatic activity regula-
tion away from the periphery, we obtain a learning framework which is
able to learn relationships from examples and then use the learned rela-
tionships for a variety of routine nervous system tasks such as inference,
de-noising, cue-integration, and decision making.

1 Introduction

One of the key properties of the brain is the ability to notice and learn the
relations between inputs in an unsupervised manner [1, 2, 3, 4]. It is believed
that this is achieved by modifying the structure [5, 6, 7] and the dynamics
[8, 9, 10] of biological neural networks, for example through the plasticity of
synapses or other neural processes [11, 12, 13].

Phenomenologically, the ability of brains to discover relationships between
otherwise independent events has been known since the pioneering work by
Pavlov [2]. His work on dogs showed that a neutral stimulus (the ringing of
a bell) can be induced to elicit an associated reaction (production of saliva)
by ringing a bell every time the dog gets food. After training, the association
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between the bell and salivation may be due to the food representation being
activated by the bell representation.

In the following decades, it became clear that the ability to learn relations
between different sensory inputs is in fact omnipresent in our brains. As an
example of an inference task, when we hear a sound, we can use the audio input
to estimate (inference) the visual location of the corresponding visual input.
This process is continually maintained by learning mechanisms: if we wear prism
glasses that shift the visual input, it is possible to re-learn the correspondence.
Or, given uncertain visual and audio cues about the location of a stimulus, we
can combine these cues (cue-integration) to get a better estimate of the location.
If visual and audio cues differ so much as to be inconsistent, for example due to
light or sound being reflected so as to appear to have a different source, then we
simply base our position estimate on the stronger of the two competing inputs
(decision).

Biological data shows that neural populations, regions and areas encode spe-
cific sensory, motor, and cognitive modalities (see e.g. [14, 15] and contained
references). Connected regions exchange signals and thus influence their mutual
activity [14], and simulations have also exhibited such interactions in networks
with hand crafted connectivity [9, 15, 16]. Simulations such as these have shown
how inference, de-noising, cue-integration, or decision tasks can be performed
on input received from different visual, motor, or other sources, for complex
problems like coordinate transformations.

Given the presence of such abilities in the brain, the question that imme-
diately arises is how the brain implements them. A major step in this regard
was achieved by Zipser and Andersen [17], who trained an artificial neural net-
work with simulated biological data using the backpropagation algorithm [18].
In their network, hidden nodes developed gain field properties [17]. While their
result shows that neural networks are able to learn such tasks in principle, the
learning strategy they used seems unlikely to be the one used in our brains:
the back-propagation algorithm is a supervised learning scheme, using an ex-
ternally generated error signal, and it is generally considered to be biologically
implausible [19, 20].

Our goal is to exhibit the ability to learn arbitrary relationships using bio-
logically plausible learning. We present a model that can learn the relationships
between inputs in an unsupervised way (that is, without externally supplied error
signals). In fact, our model is purely based on biologically motivated building
blocks like population coding, Hebbian learning, and homeostatic activity regu-
lation. After learning the relationship, our model can use the learned relation to
improve its population code representations: the network will produce popula-
tion codes for missing inputs based on supplied inputs (inference), will smooth
noisy population codes (de-noising), will adjust population codes to be more
consistent with each other (cue-integration), and will choose between alternative
population code representations when faced with inconsistent data (decision). A
key feature of our network is that its dynamics do not have to be modified from
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outside in order to switch between these tasks, or even to re-learn a relationship
when it changes.

2 The Network and Its Dynamics

In this paper we consider the following network (see Figure 1) to demonstrate
how relations between two sets of parameters X and Y can be learned. The
network consists of two populations, A and B, consisting of n rate coded units
each.

2.1 The Network

The units in A get input from an external source X by point-to-point connec-
tions, i.e., each unit in A receives input from exactly one unit in X and each unit
in X sends input to exactly one unit in A. Similarly, a second input Y , is con-
nected to B by point-to-point connections. X and Y are supposed to encode one
single scalar value each. To realize this encoding we use what is known as pop-
ulation coding, see e.g. [21]. Intuitively, this means that each unit in X has one
preferred value and that its firing rate depends on how close its preferred value
is to the actual value. In Figure 1 we illustrated this encoding by representing
X and Y by two (noisy) population codes.

B	  A	  

fully	  connected	  

fully	  connected	  

Y	  X	  

Fig. 1: Projection diagram of the sample network discussed in the text: two populations
with bidirectional connectivity. Labeled ellipses represent populations of neural nodes.
Dark gray arrows depict directed, full connectivity, light gray arrows indicate point
to point connections used to feed population coded input into the network. Blue dots
show one possible input of this kind.

The units within each of the populations A and B are laterally interconnected
such that each population is effectively a soft winner-take-all circuit [22]. The
connection weight wi,j between units i and j is defined as:

wi,j = γ · e− 1
2 (d(i,j)/σ)2 − δ . (1)

The distance d between i and j is d(i, j) = min{|i − j|, n − |i − j|}. In order
to avoid boundary effects we let the distance measure wrap around. (Note that
this implies that we identify the smallest value vmin and the largest value vmax



4 M. Cook, F. Jug, C. Krautz, A. Steger

encoded by the population code. In the case vmin = 0 this means that we perform
calculations modulo vmax.)

Besides being laterally connected, the units in A and B are also intercon-
nected. Effectively we connect each unit i ∈ A to all units j ∈ B and vice versa.
The initial connection weights wi,j are set to values chosen randomly in [0, 1].

Learning the relations between the inputs X and Y is done by adapting the
connections between the populations A and B using a Hebbian learning rule [23].

2.2 The Dynamics

We simulate our network over discrete time steps. At time t the rate-coded
units in A and B each have a real-valued activity level a, which we denote with
a superscript as at. At each time step t each unit j updates its activity level
atj . This update is influenced by (i) the activities of the neurons in the same
populations (via the lateral connections), (ii) the activities of the units in the
other population (via the connections between A and B), and (iii) a homeostatic
activity regulation term htj (used to keep the activity level of each unit roughly
constant over time).

We explain the details of the update below. Here we just outline the interplay
between the main ingredients. The lateral connections implement soft winner-
take-all dynamics (WTA) [22]. Essentially, they are used to “clean-up” noisy
input. The weights wti,j between the populations A and B are updated by a
Hebbian learning (HL) scheme, eventually encoding the learned relationship. The
homeostatic activity regulation (HAR) [24] forces units to regulate themselves
so that each unit is active roughly a given proportion of the time. This makes
sure that every unit is used, and that each unit is used in moderation.

It is worth noting that the presented components work on quite different time
scales. The WTA dynamics operate on a short time scale, allowing the network
to converge quickly. HAR and HL operate on a much longer time scale, averaging
over a much larger sample of inputs. A sketch of how Hebbian learning (HL), soft
winner-take-all (WTA) and homeostatic activity regulation (HAR) play together
is illustrated in Figure 2.

Hebbian Learning. The update of the weights wti,j depends on (i) the activities
ati and atj of units i and j at time t, and (ii) two global parameters αl and
αd. The Hebbian learning rate αl regulates the speed at which connections get
learned and is usually set to the same value as αd, the Hebbian decay rate. The
weights are updated according to:

wt+1
i,j = (1− αd) · wti,j + αl · ati · atj . (2)

To speed up the running time of simulations it suffices to do these updates only
after the WTA converged.
Homeostatic Activity Regulation. We use the following update formula for the
homeostatic activity terms:

htj = −c · (ātj − atarget) , (3)
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Fig. 2: The presented mechanism is a combination of three strategies. Synaptic con-
nections between areas are controlled by Hebbian learning (HL). Local connections
within an area support soft winner-take-all (WTA) dynamics, so nearby units within
an area exhibit similar activity patterns. Homeostatic activity regulation (HAR) within
each unit modulates the Hebbian learning so that a unit does not become permanently
active or inactive, but maintains a desired average activity level.

where atarget is a parameter and

ātj = (1− ω)āt−1
j + ωatj (4)

for some additional parameter ω defining the decay rate of the averaging.

Neural Units and Update Dynamics. At each discrete time step t each unit j
updates its activity level atj . To compute it we first take the weighted sum over
the activity levels of all units connected to unit j. This includes both the lateral
connectivity within the population as well as the connections coming from other
populations. This sum is corrected by the homeostatic activity regulation term
htj . Finally we apply a non-linear function θ that restricts the activity level to
the range [0, 1]. Formally the update rule is defined as

at+1
j = θ(htj +

∑
i∈Γ in

j

wti,j · ati) , (5)

where Γ in
j is the set of units connected to unit j, and

θ(x) =
1

1 + e−m(x−s) (6)

and m and s are parameters that determine the slope and the shift of θ(x).

3 Results

In the following we present our experimental results. Note that the network
dynamics introduced in the previous chapter remains unchanged throughout all
experiments that we present. In order to switch from one task to another we
only change the input fed to the network.
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Fig. 3: The time course of learning and relearning in the sample network. Each plotted
subfigure shows a snapshot of the connection weights WAB (top row) and WBA (bottom
row) for different times during learning and relearning. The weights are color coded
(black for strong, white for weak connections). (a) Initial random weights. (b) Weights
captured during learning. (c) Weights after the relation y = x3 was learned. (d)
Weights captured during relearning. (e) Weights after the relation y = x2 was learned.

3.1 Learning and Relearning

In order to feed interpretable input we have set a preferred stimulus pi for each
node i in A and B. To encode the value v in X (or Y ) we set the input xi (yi)
for node i in A (B) according to:

xi(v) = C · e−(v−pi)
2/(2σ2) . (7)

This enables us to feed arbitrary scalar values to populations A and B. If
these values satisfy any functional relation, the network will learn the relation-
ship hidden in a sequence of input pairs. Note that the weights between popula-
tions A and B are constantly changing over time. If after a certain relationship
was learned the input changes and a different relation is presented the weights
will change to reflect the new relation. Figure 3 shows how the weight matrices
WAB and WBA change in the course of learning and relearning.

3.2 Inference Tasks

After the network has learned a relation we can then also omit one of the inputs
and infer the other value. This is done as follows. We only feed input in X (or
in Y ) and let the network converge. After convergence one can use the activities
in A and B to compute the population vector [25] giving us the values vA and
vB encoded by A and B.

Figure 6 shows the result of such inference tasks. We tested the inference
accuracy by encoding all values vi ∈ {pi|i ∈ A} in X (respectively all values
vj ∈ {pj |j ∈ B} in Y ) and observing the values vB (respectively vA) computed
by the network.
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Fig. 4: Simple inference in sample network after the network has learned the relation
y = x3 (green thin line in both plots). (a) shows the results of the inference tasks
(thick blue line) for a set of population codes fed to A (horizontal axis). (b) like (a)
but for the opposite inference direction.

3.3 De-noising and Cue-Integration Tasks

In all of the following examples we add some noise on top of the activations com-
puted with Equation (7). Figure 5(a) shows how the network performs inference
with noisy input.

In addition to such noisy input signals our network can also cope with noisy
values vX and vY . Figure 5(b) is an example for the case when the inputs in
X and Y are not in line with the learned relation R. The network settles in a
state where the computed values vA and vB are again consistent with R. Figure
5(c) shows the same experiment but with different input strength set in X and
Y . Note that the population receiving the stronger input gets significantly less
shifted towards a place consistent with R than the other one.

Note that the soft winner-take-all implemented in our populations A and B
is the reason for the described phenomena to work.

(a)

X A

B

Y

(b)

X A

B

Y

(c)

X A

B

Y

Fig. 5: Inference and de-noising: (a) An example of inference from X to Y which shows
also the de-noising properties of the network with respect to noise in the firing rates of
the units, (b) when two inputs are presented which are inconsistent with the learned
relation the network shifts both peaks until their positions are in accordance with the
relation, (c) same as (b) but with unequal reliability of the inputs (unequal input
strength); note that the larger (more reliable) peak is much less shifted as in (b).
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Clearly, such a de-noising task gets more and more difficult (and unreliable)
depending on “how much” the value fed into Y differs from the “true” value that
is consistent with the input in X. Eventually, if this difference gets too large,
then the system will stop to find a compromise between these two values and
instead will start to neglect one of the inputs. That, is the network will decide
between the two values.

(a)

X A

B

Y

(b)

X A

B

Y

(c)

X A

B

Y

(d)

X A

B

Y

Fig. 6: Decision tasks. (a) when the peaks of the inputs are too far apart the network
decides for one of the inputs and infers the other one, (b) when in X there are two
contradicting inputs present, while one is being supported by the input in Y , the
network decides for that combination of peaks., (c) in the case of a non-invertible
function as y = x2 there exist two possible peak positions and the systems decides for
one of the two, (d) same as (c) but the networks decision is biased by a very small
input fed to X.

3.4 Decision Tasks

As indicated at the end of the previous section, the network can be forced to
decide whether to follow input X or input Y . Figure 6 shows the input and the
settled state for four decisions being performed by the network.

Given inputs of similar strength the variance in the noise determines how
the network will decide. If the inputs are of equal strength the network will
essentially decide on one of them “randomly”, meaning that small artifacts from
the learning history will be responsible for the decision.

Figure 6(b) illustrates another, more complicated decision task. In this ex-
ample the input in X actually contains two peaks. If the second input relates to
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one of these two peaks (with respect to R), the network will reinforce this peak
and settle in a state consistent with R.

If the learned relation R corresponds to a non-invertible function (like y = x2

for x in [−1, 1]) then, clearly, an input in Y may be in correspondence with
more than one consistent X-value. The network will then have to pick one of
the possible solutions. This example is illustrated in Figure 6(c). In addition,
Figure 6(d) illustrates that already a seemingly small “noise” in the input in X
suffices to move the generated value to the one that has a higher consistency
with the input.

4 Discussion

In this paper we showed that it is possible to setup the dynamics of a simple
network in such a way that it can learn the relations between two inputs X
and Y . After learning, that is, after presentation of sufficiently many related
input pairs, the network is then able to (i) infer missing input, (ii) to medi-
ate between slightly conflicting inputs (de-noising), (iii) cue-integration, and
(iv) decide between strongly conflicting inputs. If one would continue to present
strongly conflicting inputs the system will then gradually change and eventually
have learned the new relation.

The building blocks of our network, population coding, soft winner-take-all,
Hebbian learning, and homeostatic activity regulation, are all biologically well
motivated.

The next step, clearly, is to learn higher order relations between more than
two input signals. To achieve this it will be necessary to replace the effectively
one-dimensional populations used in our network by more complex recurrent
networks capable of encoding these higher order relationships. Indeed, the inter-
nal connectivity of the areas, reflecting the topology of the input space, would
ideally be learned based on the observed inputs themselves. This would allow
both higher dimensional transformations (such as those related to gain fields [9])
and more abstract relationships to be learned with the same mechanisms.
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