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Abstract

We studyi-interleaving on two-dimensional tori, which is defined by the property that any
connected subgraph withor fewer vertices in the torus is labelled by all distinct integers. It has
applications in distributed data storage and burst error correction, and is closely related to Lee
metric codes. We say that a torus canpeefectly¢-interleavedif its ¢-interleaving number —
the minimum number of distinct integers needed-iaterleave the torus — meets the sphere-
packing lower bound. We prove the necessary and sufficient conditions for tori that can be per-
fectly ¢-interleaved, and present efficient perfeatterleaving constructions. The most important
contribution of this paper is to prove that thénterleaving numbers of tori large enough in both
dimensions, which constitute by far the majority of all existing cases, is at most one more than
the sphere-packing lower bound, and to present an optimal and effidgi@stleaving scheme for
them. Then we prove some bounds on thieterleaving numbers for other cases, completing a
general picture for the-interleaving problem on 2-dimensional tori.

Index Terms

Bursts, chromatic number, cluster, error-correcting code, Lee distance, multidimensional inter-
leaving,t-interleaving, torus.

|. INTRODUCTION

Interleaving is an important technique used for error burst correction and network data storage. A most

common example is the interleaving @ofcodewords in the formofl' -2 -3 —--- —n—-1-2 -3 —

e " for combatting one-dimensional error bursts in communication channels [25]. The concept
of one-dimensional error burst was generalized to high dimensions by Blaum, Bruck and Vardy in [9],
where an error burst of sizels a set of errors confined to a connected subgraph awtrtices in a multi-
dimensional linear array. Accordingly, the concept-afiterleaving was defined in [9], which is a scheme
to label the vertices of a multi-dimensional linear array with integers such that any subgraphvertices
in the array are labelled hydistinct integersz-interleaving schemes on two- and three-dimensional linear
arrays were presented in [9], with applications in combatting error bursts in holographic storage systems

1This work was supported in part by the Lee Center for Advanced Networking at the California Institute of Technology, and by NSF grant
CCR-TC-0208975.
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and optical recording systems. Subsequent work-orerleaving includes [30], whereinterleaving on
circulant graphs with two offsets was studied. Two-dimensional interleaving with repetitions was studied
by Etzion and Vardy in [12], where integers were interleaved on a two-dimensional mesh (linear array or its
variation) such that in any connected subgraph witartices, every integer appears at mosimes. Here
andr are given parameters, and the concept of interleaving with repetitions defined in [12] is a generalization
of t-interleaving. More work on interleaving with repetitions includes [26] and [29]. Interleaving schemes
on two-dimensional linear arrays achieving the Reiger bound was studied by Abdel-Ghaffar in [1], where
error bursts of both rectangular shapes and arbitrary connected shapes were concerned. More examples of
interleaving for coping with error bursts include [4], where the error burst is of a ‘circular’ type, and [11],
where linear binary array codes that can correct three-dimensional error bursts were designed based on
interleaving. As to interleaving schemes for network data storage, in [19], an algorithm was presented to
interleaveN integers on a tree so that for every point of the tree (including a vertex or a point on an edge),
the smallest sphere centered at the point that confdiingegers contains all th& distinct integers. That
algorithm is useful for distributed data storage in hierarchical networks that minimizes data retrieval delay.
And in [20], a scheme called ‘multi-cluster interleaving’ was studied, which is a scheme to interleave
integers on a linear array or ring such that amylisjoint intervals of length. in the array or ring together
contain at leasi( distinct integers, wher& > L. Multi-cluster interleaving can be used for data storage on
array-networks, ring-networks or disks where data are accessed through multiple access points.

In this paper, we studiinterleaving on two-dimensional tori. First we present the necessary definitions.
The notion of t-interleaving’ was originally defined in [9] for arrays. We generalize its definition to be for
general graphs straightforwardly.

Definition 1.1:Let G be a graph. We say thét is interleaved(or there is annterleavingon G) if every
vertex ofG is labelled by one integer. We say thais ¢-interleaved(or there is &-interleavingon G) if for
every connected subgraph@fthat containg or fewer vertices, the integers on it are all distinct]

Definition 1.2:An [; x [, torus is a graph containingl, vertices an/,/, edges. We denote its vertices
by ‘(i,7) for 0 <: <1l; —1and0 < j <, — 1, in the way shown in the figure below:

(0,0) 0,1) [ (0-1)
(1,0) (1,1) (1,1, —1)

(Lh—1,0) | (h—=1,1) || (lh — 1,1, —1)
Each vertex(i, j) is incident to four edges, which connect it to its four neighb@is— 1) mod [y, j),
((i + 1) mod Iy, ), (i, (j — 1) mod ly) and (7, (j + 1) mod l5). O
Definition 1.3: Given at-interleaved torug~, the number of distinct integers used to label the vertices
of GG is called thedegreeof this givent-interleaving scheme. The minimum degree of all the possible
interleaving schemes fak is called thet-interleaving numbenf GG. A t-interleaving on a torus whose
degree equals the torusinterleaving number is called aptimalt-interleaving O

An [, x [, torus is two-dimensional.

Example 1.1The following5 x 5 torus is 3-interleaved with the degree of 6.
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If we replace the two integers ‘5’ with ‘4’, we will get a 3-interleaving with the degree of 5. Observe the
vertex(1, 1) and its four neighbor§0, 1), (2,1), (1,0) and(1, 2), and we can see that any two of them are
contained in a subgraph of size at most 3 — therefore any 3-interleaving scheme has to label those 5 vertices
with 5 distinct integers. So the 3-interleaving number of this torus actually equals5.

Important applications dfinterleaving on tori include both distributed data storage and error-burst correc-
tion. Torus has traditionally been a popular network structure for parallel machines, such as the CRAY [27],
the iWarp [10], the Tera parallel computer [31] and the Mosaic [13]. Its simple and regular structure makes
it convenient for multi-processor computing and message transmission. The usage of torus networks in
wearable computing [24] and ambient intelligent systems [22] looks also promising, where massive inter-
connected micro processors, memories and sensors are embedded in fabrics of clothes, carpets, etc. We
briefly explain the two applications @finterleaving in these torus networks below.

« Distributed data storagelet G be a torus network, whose vertices are processors with memory. Say a

file F'is to be distributively stored itr; and there is the requirement that every processor should be able
to reconstrucf’ by accessing the data stored within the distanceuwnfits, where a ‘unit’ is the distance
between any two adjacent processors. Wettisgerleaving to solve this problem. Lét. denote the
number of vertices iz that are within the distance ofunits from a given vertex (including the given
vertex itself). And letr, denote thg2r + 1)-interleaving number of7. Select an erasure-correcting
code of lengtlm which can tolerate at least— B, erasures, where > n,. EncodeF’ with the code to

get a codeword; then see thecomponents of the codeword aglistinct integers, and assign them to
the processors according td2 + 1)-interleaving scheme fat. With a (2r + 1)-interleaving, given

any vertexv, the distance between any two vertices within the distanceiofts fromv is at mostr, so

they must be labelled by distinct integers. So every processor caB fididtinct codeword components
within the distance of units and decode them to recover the filesatisfying the requirement. Such a
data storage method balances the memory usage for all processors well. If an MDS (maximum distance
separable) code is used, the total memorg'@fs well as the maximum single-processor memory used
for storing F' can be minimized over all the possible methods.

« Error-burst correction.For wearable computing systems and ambient intelligent systems, the networks
embedded in fabrics are prone to physical damage, such as tearing or punching. It is necessary to
achieve reliability through redundancy [24] for such systems. We can see physical damage such as
tearing or punching as error-bursts, and tggterleaving to reliably store files. Here, as in traditional
interleaving for error-burst correction, vertices labelled by the same integer store components of the
same codeword (which corresponds to a file). Different integers represent different codewords. With a
t-interleaving scheme, if a codeword can correetrors, then any error-bursts of size up tocan be
corrected.

Besides the above applicatiortsnterleaving on tori is also closely related to a research topic in coding
theory called_ee metric coded2] [3] [5] [6] [7] [8] [14] [15] [16] [17] [18] [21] [23] [28]. In a
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t-interleavedn-dimensional torus, every set of vertices labelled by the same integer is a Lee metric code of
lengthn whose minimum distance ts and the set of Lee metric codes corresponding to different integers
partition the whole code space. Furthermore, if a torus adnpeyi@ct Lee metric codef covering radius
r, then the torus(2r + 1)-interleaving number is no greater than that of any reasonably large torus. (Here a
reasonably large torus is defined to be a torus whose size in each dimension isat feast
A fundamental question on the problem twinterleaving on tori is: for each integeéy how does the
t-interleaving number of ai, x [, torus depend on the values Gfand/,, and how to construct opti-
mal t-interleaving? To the best of our knowledge, the only related results were covered in [9]. [9] pre-
sented, for two-dimensional linear array, one optimaiterleaving construction for oddand two optimal
t-interleaving constructions for eveénall based on lattice interleavers. Those three constructions all produce
interleaving of periodic patterns; and if they are applied to tori, they can, respectively, optiArakyleave
anl, x I torus if (1)t is odd, 2L |1, and 42|l or if (2) ¢ is even £ |1, and % |I,, or if (3) t is eveny]|l, and
t|lo. However, tori whose sizes satisfy one of those three conditions are very special. And as we will show
later, the constructions in [9] are not the only optimal ones.
In this paper, we address the above fundamental question, and provide a general picture of the answers.
Our main results include:

. Let |5 = *QT“ if ¢ is odd, and letS;| = % if ¢ is even.|S;| is a lower bound for the-interleaving
number of any reasonably largex [, torus (which meang > ¢t andl, > t). For a reasonably large
torus, we say that it can hgerfectlyt-interleavedif its t¢-interleaving number equals;|. We prove
that a reasonably larde x [, torus can be perfectlizinterleaved if and only if the following condition
is satisfied:|.S;| divides bothl; andl, if ¢ is odd, and: divides bothl; andl, if ¢ is even. We reveal
the very close relationship between perfeatterleaving and perfect sphere packing, and present the
completeset of perfect sphere packing constructions. Based on that, we get a set of efficient perfect
t-interleaving constructions, which includes the lattice interleaver (the interleaving method used in [9])
as a special case.

. Define apost-threshold siz&or a given parametet) to be a pair(f;, 6;) such that whenevéd; > 6,
andl, > 6,, thet-interleaving number of af x I, torus is eithetS;| + 1 or |.S,|. We prove that such
post-threshold sizes exist for everyThe set of post-threshold sizes we found are shown in Theorem 10
and Theorem 11. We present optimaihterleaving constructions for tori whose sizes exceed the found
post-threshold sizes. (And we comment that those constructions, as a general interleaving method, can
also be used to optimallizinterleave tori of many other sizes.)

« We study upper bounds fofinterleaving numbers. Evety x [, torus’¢t-interleaving number i§S;| +
O(t?). And that upper bound is tight, evenlif — +occ or I, — +oo. When both; andl, are of the
order§2(t?), thet-interleaving number of ah x I, torus is|S;| + O(t).

The results can be illustrated qualitatively as Fig. 1. (The figure is not quantitative. The coordinates of
points, such as the shape of the curve, are not exact.) Fig. 1 shows for anytgitemw‘thel; x [, tori can
be divided into different classes based on themnterleaving numbers.

The uniform lattice of dots in Fig. 1 are the sizes of all the reasonably large tori that can be perfectly
t-interleaved. The region labelled @&eégion I’ consists of all thgpost-threshold size§ he boundary curve
of Region | is non-increasing, and symmetric with respect to thelire ;. (So if the point(d,,6-) is on
the boundary curve, then so(i&, ¢,).) We note that the area of Region I(iE)0 — §)% of the total area of
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Fig. 1. A qualitative illustration of thé-interleaving numbers.

the figure withd approaching 0; and we know the exadhterleaving number of every torus in this region
— |Sy| if it is one of the lattice dots, and;| + 1 otherwise. The most important contribution of this paper is
to prove the existence of Region I, and present the corresponding optimal interleaving constructions. Region
Il is the region wherd; = Q(?) andl, = Q(#?), in which the tori’st-interleaving numbers are upper-
bounded by S;| + O(t). Region lll includes every torus, where thénterleaving number is upper-bounded
by |.S;| + O(#?). That upper bound for Region Ill is tight, ever/ifor [, approaches-co. (So increasing a
torus’ size in only one dimension does not help reduce-ih&erleaving number very effectively in general.)
The engineering importance of Region | can be shown, as an example, witmtbdeaving’s application
in distributed data storage. It means for a large torus network (which falls in Region 1), we can simply split
the file into|.S;| segments, then add one parity-check segment which is the exclusive-OR$f segments.
The data-storage scheme using such a simple erasure-correcting code can be implemented very efficiently.
The rest of the paper is organized as follows. In Section I, we show the necessary and sufficient conditions
for tori that can be perfectli+interleaved, and present perféanterleaving constructions based on perfect
sphere packing. In Section Ill, we present-enterleaving method, with which we caninterleave large
tori with a degree within one of the optimal. In Section IV, we improve upontthrgerleaving method
shown in Section Ill, and present optimainterleaving constructions for tori whose sizes are large in both
dimensions. As a parallel result, the existence of Region | is proved. In Section V, we prove some general
bounds for the-interleaving numbers. In Section VI, we conclude this paper.

I[I. PERFECTt-INTERLEAVING

In this section, we formally define the conceptpafrfectt-interleaving and reveal its close relationship
with perfect sphere packing. We show the necessary and sufficient conditions for tori that can be perfectly
t-interleaved. After presenting the complete set of perfect sphere packing constructions, we present efficient
perfectt-interleaving constructions based on them. The interleaving constructions cover previously known



Fig. 2. Examples of the sphefs.

t-interleaving methods as special cases; and they prove that lattice interleavers are not the only method for
perfectt-interleaving.

A. Perfectt-Interleaving and Sphere Packing

Definition 2.1: TheLee distancéetween two vertices in a torus is the number of edges in the shortest path
connecting those two vertices. For two vertices insar [, torusG, (a;, b;) and(as, by), theLee distance
between them is denoted by (ay,b,), (az,b2)). (Therefore,d((ai,b1), (az,b2)) = min{(a; — az) mod
l1, (az — ay) mod I } + min{(b; — bs) mod Iy, (b, — by) mod l5}.) Occasionally, in order to emphasize that
the two vertices are iy, we also denote it by ((a1, b1), (ag,b2)). O

Clearly, an interleaving on a torus istanterleaving if and only if the Lee distance between any two
vertices labelled by the same integer is at l¢ast

Definition 2.2: Let G be anl; x [, torus wherd; > t andl, > ¢, and let(a, b) be a vertex inG. When
t is odd, thesphere centered dt, b), 5" is defined to be the set of vertices whose Lee distance, to
Is less than or equal t@l. Whent is even, thesphere left-centered &, b), Slf“’b), is defined to be the set
of vertices whose Lee distance to eitlierb) or (a, (b + 1) mod l,) is less than or equal t— 1. (a,b) is
called thecenterof 5" if ¢ is odd; and(a, b) is called theleft-centerof S if ¢ is even. If we do not
care where the sphere is centered or left-centered, then the sphere is simply dengitedH®/number of
vertices in the sphere is denoted |By|. O

Example 2.1Fig. 2 (a) shows the spherés to Ss. Fig. 2 (b) shows two sphereS;(0, 2) and S,(0, 2),
ina3 x 5 torus.
O

The spheres; was originally defined in [9], where it was also shown th&{ = tQT“ if ¢is odd, and
|S:| = % if ¢ is even. For any; x [, torus wherd; > t andl, > t, its t-interleaving number is at leals; |.
That is because such a torus contains a complete spheaed the Lee distance between any two vertices
in S, is less thart — so anyt-interleaving needs to ug#;| distinct integers to label the vertices$h. This
lower bound fort-interleaving numbers,S;|, is called thesphere packing lower boundrhe relationship
between this bound and sphere packing will become clearer soon.

Definition 2.3:Let G be anl; x [, torus, wheré; > t andl, > t. If the t-interleaving number of7 equals
the sphere packing lower bouns,|, then we say that’ can beperfectlyt-interleaved A ¢-interleaving on




G that uses exactlys;| distinct integers will be called perfectt-interleaving O

Definition 2.4:A torus( is said to have perfect packing of spheres if spheresS; are packed itz such
that every vertex ofs belongs to one sphere, and no two spheres share any common vertex.

Lemma 1:(1) Lett be an odd positive integer. An interleaving onlarx [ torus {(; > t, o, > t)isa
t-interleaving if and only if for any two vertice@;, b;) and (as, b2) that are labelled by the same integer,
the two spheres centered at theﬁ‘ﬁl’bl) andS,f“Z’b2), do not share any common vertex.

(2) Lett be an even positive integer. An interleaving onam [y torus (; >t — 1,15 > t)is
at-interleaving if and only if for any two vertice@, b;) and(a,, by) that are labelled by the same integer,
the two spheres with them as Ieft-centei’éa,l’bl) and S,f“z’b2), do not share any common vertex and what'’s
more,b; # by or (a1 — ag) # £(t — 1) mod [;.

Proof: (1) Lett be odd. Boths{“""*") andS{“*"*) are classic spheres with raditig . If the interleaving is
at-interleaving, then the Lee distance betwéen b;) and(a,, b,) is at least = 2 - 51 + 1, 505" and

S(“2 ®>) must have no intersection. The converse is clearly also true.

(2) Lett be even. We consider two casesbr—= b, andb; # b,.

First consider the casé;' = b,’". In this case,St(“l’bl) and St(‘”””) have no intersection if and only if
d((a1,b1), (az,b2)) > 2- (£ —1)+1=t—1. Andd((ay,b1), (az,b2)) = t — 1 if and only if (a1 —ag) =
+(t — 1) mod [;. So the Lee distance betweén, b,) and(ay, by) is at leastt if and only if Sf“ ) and
5L%2%2) have no intersection and; — as) # £(t — 1) mod [y, which is the conclusion we want.

Now consider the casé,' # b,'. In this case, the Lee distance betwden, b;) and(az, bs) is at least
<= both the Lee distance betweeén, (b; + 1) mod [5) and(as, by) and the Lee distance betwe(e@ (ba+

1) mod I3) and(ay, bl) are at least— 1 <= S\ "1t med ) goeg not intersedd "2 ands % P2+ med 12)
does not intersecs\“*) « 5" and 5“>**) have no intersection. (Note thaf**" is the union
of 5\ and gyt med ) “ang 5(@2P2) s the union ofS{*2) and s\*2 > med k) y 50 we get the
conclusion we want.

O

a1,b1)

Theorem 1:Whent # 2, an interleaving on afy x [, torus {; > t, [, > t) is a perfect-interleaving
if and only if for any integer, the spherés centered or left-centered at the vertices labelled by that integer
form a perfect sphere packing in the torus.

Whent = 2, if an interleaving on a®, x [, torus {; > t, [, > t) is a perfect-interleaving, then for any
integer, the sphereS left-centered at the vertices labelled by that integer form a perfect sphere packing in
the torus.

Proof: We used! to denote the set of distinct integers used by the interleaving on the torus. For any
integeri € I, let V; denote the number of vertices labellediby

Firstly, we prove one direction. Assume the interleaving onithe /5 torus (; > t, [, > t) is a perfect
t-interleaving. ThenI| = |S;|. By Lemma 1, for anyi € I, the spheres; centered or left-centered at
vertices labelled by do not overlap. By counting the number of vertices in the torus and in each sphere

S,, we get thatV; < %12‘ for anyi € I. SinceY,c; N; = 11, we get thatV; = % for anyi € I. So for
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any integeri € I, the spheres); centered or left-centered at the vertices labelled toym a perfect sphere
packing in the torus.

Next, we prove the other direction. Assurme‘ 2, and for any integer, the spher8scentered or left-
centered at the vertices labelled by that integer form a perfect sphere packing in the toru@x/,-'Ehégi}l
foranyi € I. SinceX,c; N; = 115, we find that /|, the number of distinct integers used by the interleaving,
equals|S;|. What is left is to prove that the interleaving ig-énterleaving. From Lemma 1, we can see
that the interleaving would not betanterleaving only if the following situation becomes trueis even,
and there exist two vertices +«1, b;) and(az, by) — labelled by the same integer such that= b, and
(ay —ay) = 60(t — 1) mod Iy, whered = 1 or —1. We will show such a situation cannot happen.

Suppose that situation happens. WLOG, we assume- a;) = (¢t — 1) mod ;. Whent is even and
t # 2, itis straightforward to verify that the following four vertices {& — (£ —1) mod Iy, b1), (a2 + (5 —

1) mod 1, b1), (a1 — (£ —2) mod Iy, by — 1 mod l5), (az + (5§ — 2) mod [y, by — 1 mod l;) — are contained

in either5{“""") or 5", while the following two vertices —a; — (% — 1) mod Iy, b, — 1 mod I,) and

(ag + (g — 1) mod [y, b; — 1 mod l,) — are neither contained iﬁt(“l’bl) nor in St( ). The two vertices,

(aq — (% — 1) mod l;,b; — 1 mod l3) and(ay + (g — 1) mod [y, b; — 1 mod [3), cannot both be contained

in some spheres; that are left-centered at vertices labelled by the same integer which labels) and

(as, be), because they are vertically adjacent, and the vertices directly above them, below them or to the right
of them are all contained in two spheres that do not contain them. (Observe the shape of a sphere.) That
contradicts that fact that all the sphergdeft-centered at the vertices labelled by the integer which labels
(aq,by) form a perfect sphere packing in the torus. So the assumed situation cannot happen. By summarizing
the above results, we see that the interleaving must be a peifaetleaving.

O

a2,b2

Theorem 2:Whent # 2, anl; x [; torus {; > t, [, > t) can be perfectly-interleaved if and only if the
spheresS; can be perfectly packed in it.

Whent = 2, ifan i, x [, torus {; > t, [ > t) can be perfectly-interleaved, then the spher8scan be
perfectly packed in it.

Proof: Let G be anl; x [, torus. For any, Theorem 1 has shown thatGf can be perfectly-interleaved,
then the sphereS, can be perfectly packed in it. Now we prove the other direction. Assume2, and
the spheres); can be perfectly packed 1. Let (z1,v1), (22, y2), - - -, (zn, yn) be a set of vertices such that
the spheres); centered or left-centered at them form a perfect packing.iThe proof of Theorem 1 has
essentially showed that for anyandj (i # j), the Lee distance betweén;, y;) and(z;,y;) is at least.
Now we can interleavé is this way: label each sphefg with | S| distinct integers such that every integer
is used exactly once in every sphere, and make all the spheres to be labelled in the same way (namely, all the
spheres have the same ‘interleaving pattern’). Clearly, for any two integardb, the two sets of vertices
respectively labelled by andb are cosets of each other in the torus. Therefore the Lee distance between
any two vertices labelled by the same integer is at [eaSbG has a perfect-interleaving.

O



B. Perfectt-Interleaving and Its Construction

The following lemma is an important property of perfect sphere packing. It will help us derive the neces-
sary and sufficient conditions for perfeeinterleaving.

Lemma 2:Let t be an even integer artd> 4. When spheres; are perfectly packed in an x [, torus,
there exists an integerc {+1, —1}, such that if there is a sphere left-centered at the véiitey), then there
are two spheres respectively left-centere{at— £) mod /1, (y — a- £) mod ly) and((z + £) mod 1y, (y +

a- %) mod ly).

Proof: Assume sphereS; are perfectly packed in ah x [, torus, wherg > 4 andt is even. First, we
need to show thaf > ¢. Whent is even, a spherg, spang — 1 rows. Sol; > ¢t — 1. Now we show why
Iy #t — 1. Fig. 3 (a) shows two examples — the first example shows a sgherea torus of 3 rows, and
the second example shows a sphggen a torus of5 rows. (The vertices in the two spheres are indicated
by relatively large black dots in the figure.) Considering the shapes of the spheres, we can easily see that
the two adjacent vertices in each dashed circle cannot be both contained in non-overlapping spheres. Such a
phenomenon always happens wlier= ¢ — 1. Since here sphere$ are perfectly packed in the torus, we
getl, > t.
Clearly, one of the following two cases must be true:

. Case 1: whenever there is a sphere left-centered at a \Vertgx there are four spheres respectively
left-centered at the four verticésr — £) mod Iy, (y — §) mod Ip), ((z — §) mod Iy, (y + £) mod 1),
((z+ %) mod Iy, (y — §) mod l5) and((z + £) mod Iy, (y + £) mod Iy).

. Case 2: there exists a sphere left-centered at a verge)y, ), such that there is no sphere left-centered at
at least one of the following four vertices {fzy— %) mod Iy, (yo— ) mod ), ((zo—%) mod I, (yo+

£) mod ly), ((zo + 5) mod Iy, (yo — 5) mod ly) and((xo + %) mod Iy, (yo + %) mod I5).

If Case 1 is true, then the conclusion of this lemma obviously holds. From now on, let us assume that Case
2 is true. WLOG (without loss of generality), we assume that there is one sphere left-centergd@t
but there is no sphere left-centered @at, — ) mod /1, (o + 5) mod ). (All the other possible instances
can be proved with the same method.)

Sincel, > t, the vertex((z — £) mod Iy, (y + 1) mod l;) — which we shall call ‘vertexd’ — is not
contained in the sphere left-centered af, yo). (An example is shown in Fig. 3 (b), where the sphere in
consideration is ags, whose left-centefxy, yo) is labelled by C’. The vertexA is labelled by A’.) The
vertex A is contained in one of the perfectly packed spheres, which we shall call ‘sphefde relatively

position of vertexA in sphereB can only be one of the following two possibilities:

« Possibility 1: the vertex is the right-most vertex in the bottom row of the sph&rg(See Fig. 4 (a).)
« Possibility 2: the vertex is in the down-left diagonal of the border of the sphé&ebut it is not the
left-most vertex of the spheiB. (See Fig. 4 (b), (c) and (d).)

Possibility 1, however, can be easily found to be impossible, since otherwise the neighboring vertex to
the right of vertexA and the vertex below it cannot both be contained in non-overlapping spheres. (See the
two nodes in the dashed circle in Fig. 4 (a).) So only possibility 2 is true. In the following proof we use
the example of = 8 for illustration, and assume that the relative position of the spheieas shown in
Fig. 4 (b). We comment that whertakes other values or when the sphéréakes other relative positions,
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Fig. 3. Asphere in atorus.

Fig. 4. Relative positions of spheres and vertices.

the following argument still holds, which is easy to see.

Let the sphere left-centered f@ty, o) be the sphere denoted b’ in Fig. 5, and let spheré? be the
sphere now denoted by?}’ in Fig. 5. We immediately see that the vertex denoted by must be the
right-most vertex of a sphere, so the sphere containing the veitaxust be the sphere denoted b,'.
Then we immediately see that the vertex denotedA3ymust be the right-most vertex in the bottom row of
a sphere, so the sphere containing the veri&xnust be the sphere denoted by,’. With the same method
we can fix the positions of a series of sphetesl,, L3, Ly, - - - and a series of spheréy, Ry, R3, Ry, - - -
Since the torus is finite, we will get a series of sphatesL,, L3, L4, - - -, L,, such that the relative position
of L,, to L, is the same as the relative positionigfto L, (see Fig. 5 for an illustration) — so such a series
of spheres form a ‘cycle’ in the torus. Since the spheres are perfectly packed in the torus, no two spheres in
this ‘cycle’ overlap. Similarly, the spherés, R,, - - -, R, also form a ‘cycle’ in the torus. (Note that we do
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Fig. 5. The packing of spheres in a torus.

not make any assumption about whether these two ‘cycles’ overlap or not.)

If those two ‘cycles’ contain all the spheres in the torus, then we are already very close to the end of this
proof. If those two ‘cycles’ do not contain all the spheres in the torus, then there must be some spheres
outside the two ‘cycles’ that are directly attached to the down-left side of the ‘cycle’ forméd,by,, - - -,

L,. (Consider the very regular way the ‘cycle’ is formed, and the resulting shape of the ‘cycle’ which is
invariant to horizontal and vertical shifts.) LE4 be a sphere directly attached to the ‘cycle’ formedhy

Lo, -+, L,, as shown in Fig. 5. (Note that we do not care about the exact positién,ads long as it is
directly attached to the down-left side of the ‘cycle’.) Then the nademimediately determines that the
sphere containing it must b&5’; similarly the node ./’ determines the position of the sphei®;’; and so
on------ So we will get a series of spherés, D-, Ds, - - -, D,, which will again form a ‘cycle’. (It is easy

to see that this ‘cycle’ does not overlap the previous two ‘cycles’.) With the same method as above, we will
find more and more ‘cycles’, until they together contain all the spheres in the torus.

We can easily see that in each of the ‘cycles’ here, if there is a sphere left-centered at &weftethen
there are two spheres respectively left-centergchat £) mod I;, (y—%) mod I;) and((z+%) mod Iy, (y+
£) mod l5). When other instances of Case 2 are true (see the definition of ‘Case 2’ in previous text), it can be
shown in the same way that whenever there is a sphere left-centered at a vegtexhere are two spheres
respectively left-centered &tz — 5) mod [y, (y + £) mod I,) and((z + %) mod I1, (y — 5) mod ). By
summarizing the above conclusions, we see that this lemma is proved.

O
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Definition 2.5:Let ¢ be an even positive integer, kebe eithert+-1 or —1, and letG be anl; x [ torus. Let
(z,y) be an arbitrary vertex iG/. We define “thecycle containing(x, y) (corresponding to the parameter
a)" to be the set of sphere$; that are respectively left-centered at the verticeg), ((« + £) mod Iy, (y +
a-5)modly), (x+2-5)modly, (y+2a-5) modly), (x+3- %) mod Iy, (y + 3a - 5) mod lp), -+
0

The proof of the following lemma is omitted due to its simplicity.

Lemma 3:Lett be an even positive integer, kebe either+1 or —1, and letG be anl; x [, torus. For any

em( l1 la,

vertex(z, y) in G, thecyclecontaining it (corresponding to the parametgrconsists of 2) distinct
spheress;.

2

The following theorem shows the necessary and sufficient condition for tori that can be petfectly
interleaved.

Theorem 3:Let GG be ani; x [, torus wherd; > t andl, > t. If t is odd, thenG can be perfectly-
interleaved if and only if both, andl, are multiples of%. If t is even, therdx can be perfectly-interleaved
if and only if both/; andi, are multiples of.

Proof: We consider the following three cases one by one:
o Case 1t = 2.

. Case 2t is even but # 2.

. Case 3t is odd.

Case 1:t = 2. In this case, we note that 2-interleaving is equivalent to vertex coloring, so the 2-
interleaving number off equals’’s chromatic numbeg (G). Let R, and R, be two rings which respectively
havel, andl, vertices. Thert7 is the Cartesian product of those two rings, nam@lys R, ® R». Itis well
known [32] that for any two graph&; and H,, x(H; ® Hy) = max{x(H1), x(H>)}. Sincel; > t = 2
(respectively/, > t = 2), we get thaty(R;) > 2 (respectively,(Ry) > 2); andx(R;) = 2 (respectively,
X(R2) = 2) if and only if ; (respectively/s) is a multiple of 2. So¢(G) = 2 if and only if both/; andl, are
multiples of 2. SinceS,| = 2, we get the conclusion in this lemma.

Case 2t is even but # 2. Firstly, we prove one direction. Assuniecan be perfectly-interleaved. Let
i be an integer used by a perfédanterleaving onz. Then by Theorem 1, the sphergdeft-centered at the
vertices labelled by form a perfect sphere packingd@ By Lemma 2, there exists an integee {+1, —1}
such that for angyclecontaining a vertex labelled hy(corresponding to the parametgr the spheres,
in thecycleare all left-centered at vertices labelleddby- and therefore they do not overlap. By Lemma 3,
thecyclecontaining a vertex labelled byconsists otm(l%’%) distinct spheres;. So such a&ycleconsists

ofw 1S,| = M~ = lem(ly, o, L) - t vertices. Let(zy, y;) and(z, y2) be any two vertices

labelled byi. We can see that for theyclecontaining(xy, y1) and thecyclecontaining(z,, y2 ), they either
do not overlap, or they are the samyecle Therefore, the vertices i@ can be partitioned into several such
cycles—sol; - I, is a multiple oflem(ly, I, £) -t. Sincelem(ly, I, §) is a multiple ofy, I, must be a multiple
of t. Similarly, [; must be a multiple of, too. So ifGG can be perfectly-interleaved, then both andl, are
multiples oft.
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Now we prove the other direction. Assume béthand/, are multiples oft. Let W be such a set of
vertices inG: W = {(z,y)|z = 0mod %,y = 0mod £,z +y = 0 mod ¢}. Itis easy to verify that the Lee

distance between any two verticedinis at least. Now fori = 0,1, -, % —landforj=0,1,---,t—1,
definel"/ to beW"’ = {((x + i) mod Iy, (y + j) mod ly)|(z,y) € W}. Clearly those’ -t = |S,| sets
— W0, WOl ... Ws-lt-1 s a partition of the vertices ifi. For eachiV/, we label the vertices in

it with one distinct integer. Clearly such an interleaving is a perfeoterleaving. So if both; andi, are
multiples oft, thenG can be perfectly-interleaved.

Case 3:t is odd. Firstly, we prove one direction. Assume bgtland/, are multiples oftQT“. Golomb
and Welch have shown in [15] that%ﬂ X tQT“ torus can be perfectly packed by the sphefefor odd+.
Therefore (G can also be perfectly packed Bybecause a torus has a toroidal topology &whn be ‘folded’
into at%rl X 97“ torus. LetC be a set of vertices i6¥ such that the spheres centered at the vertices @
form a perfect sphere packing. Then the Lee distance between any two verticesanleast. Let (zy, yo)
be an arbitrary vertex if’. Define M to be such a set of integer-paitsf = {[i,j][0<i <[} —1,0<j <
Iy — 1, ((z + i) mod Iy, (y + j) mod ) is a vertex in the sphers{™*”). }. Clearly|M| = |S,|. For every
i, j] € M, defineC to be such a set of vertices@ C*7 = {((x+i) mod Iy, (y+7) mod ly)|(x,y) € C}.
We see that the sef¢"/, for all the element§, j] € M, partition the vertices id; and for everyji, j] € M,
the Lee distance between any two vertice€'id is at least. For every[i, j| € M, we label the vertices in
C'*J with a distinct integer. Such an interleaving is clearly a perfénterleaving. So if both; and/, are
multiples ofﬁT“, thenG can be perfectly-interleaved.

Now we prove the other direction. Assumé&can be perfectly-interleaved. Let be an integer used
by a perfect-interleaving onGG. Then by Theorem 1, the spher§scentered at the vertices labelled by
form a perfect sphere packing (a. Golomb and Welch presented in [15] a way to perfectly pack spheres
S; in a torus whernt is odd, which can be described as “either of the following two conditions is true: (1)
whenever there is a sphesgcentered at a verte), y), there are two spheres respectively centergthat
) mod Iy, (y + 5*) mod Iy) and((z — 5%) mod 1y, (y + 55*) mod »); (2) whenever there is a sphefe
centered at a vertgx, y), there are two spheres respectively centeréghat 51 ) mod Iy, (y+5+) mod I,)
and((z — 1) mod Iy, (y + 5*) mod I5)". Itis well known knowledge that that way of packing is in fact
the only way to perfectly pack; for odd¢, whose feasibility requires both andl, to be multiples o@.
So if G can be perfectly-interleaved, then both and/, are multiples 0@.

O

Below we present the complete set of perfect sphere packing constructions. But first let's explain a few
concepts. Lei be anl; x [, torus that is perfectly packed by sphefgs—there arqgif| such spheres. Define
e ase = % and let’s say those spheres are centered (or left-centered) at the vertiags, (z2,y2), - -,
(ze, ye). By vertically (respectively, horizontally) shifting the spheregiywe mean to select some integer
s, and get a new set of perfectly packed spheres that are centered (or left-centéred) atmod [y, y;),
(2 + smod Iy, y2), - -+, (e + s mod 1y, y.) (respectively, atzq,y; + s mod l), (z2,y2 + s mod ly), - - -,
(ze,ye + s mod [5)). By vertically reversing the spheres @i, we mean to get a new set of perfectly packed
spheres that are centered (or left-centered)-at; mod ly,y;), (—x2 mod l1,ys), -+, (—z. mod Iy, ye).
After such a ‘shift’ or ‘reverse’ operation, technically speaking, the way the spheres are perfectly packed in

G are changed — however, the ‘pattern of the sphere packing’ essentially remains the same.
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Construction 2.1: The complete set of perfect sphere packing constructions

Input: A positive integert. Anl; x [, torusG, where (1) both; andl, are multiples of if ¢ is even and
t #2,(2)1,is evenift = 2, and (3) both; and/, are multiples o@ if ¢is odd.

Output: A perfect packing of the spherésin G.

Construction:

1. If tis even and # 2, then do the following:

e Let Ay, Ay, oy Ay be ged(4,2) — 1 integers, where4; can be any integer in the set
tot

{0,1,---, Lt —1}fori=1,2,---, ged(&, 2) — 1.

)2 tot
« Find thegcd(%, 172) cyclesin G (corresponding to the parameter ll)l respectively lcgntaining the vertex
ng(TlvTQ ng(Tl 72)71

(an)’ (Zzlzl Aiﬂz}:1<t+Ai))’ (Z?:1 Aiazz?:l(t—i_Ai))’ Th (Zizl ! Ai>Zi:1 7 (t+Al))
The spheres); in thosegcd(%, 172) cyclesform a perfect sphere packing in the torus.

2. If t = 2, the do the following:

« Thel; x [ torusG hasl; rows, each of which can be seen as a ring,ofertices. Whernt = 2, the
sphereS; simply consists of two horizontally adjacent vertices. Split each ro& ofto % spheres in
any way. The resultin@;—2 spheres form a perfect sphere packing in the torus.

3. If t is odd, then do the following:

« Find such a set ofgl—j spheresS;: each of the spheres is centered at a veftex + 1) + j - (—m) mod
l1,i-m+ j(m+ 1) mod ly) for some integersand;. Those spheres form a perfect sphere packing in
the torus.

4. Horizontally shift, vertically shift, and/or vertically reverse the spher&s in any way.

O
Theorem 4:Construction 2.1 is theompleteset of perfect sphere packing constructions.

Proof: We consider the following three cases. For each case, we need to prove two things: firstly, the
‘Input’ part of Construction 2.1 sets the necessary and sufficient condition for a torus to have perfect sphere
packing; secondly, the ‘Construction’ part of Construction 2.1 generates perfect sphere packing correctly,
and every perfect sphere packing that exists is a possible output of it.

Case 1:t is even and # 2. In this case, since a sphefg occupiest — 1 rows andt columns, for
thel; x [, torusG to have perfect sphere packing, it must be that ¢t — 1 andl, > t. We can show
thatl; # ¢t — 1 in the following way — assumé& = ¢ — 1 and sphere$; are perfectly packed it/; say
a sphereS, is left-centered afz, y) in G; then the two verticesz — (5 — 1) mod /;, y — 1 mod l,) and
(z + (3 — 1) mod I3,y — 1 mod I»), cannot both be contained in spheres (see the proof of Theorem 1 for a
very similar argument), and that contradicts the statement that spheres are perfectly péackéderefore,
if G can be perfectly packed by sphergs> ¢ andl, > ¢. Then, from Theorem 2 and Theorem 3, we see
thatGG can be perfectly packed by spheres if and only if betand/; are multiples of. So the ‘Input’ part
of Construction 2.1 correctly sets of the necessary and sufficient condition for a torus to have perfect sphere
packing.

Lemma 2 and its proof have shown that when spheres are perfectly packed in a torus, those spheres can be
partitioned intocycles By observing the shape of the border afyecle we see that two adjaceayclescan
freely ‘slide’ along each other’s border — and there aossible relative positions between two adjacent
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cycles In Construction 2.1, thé possible relative positions are determinedAyy a variable that can take

£ possible values. Now it is easy to see that Step 1 of Construction 2.1 provides a perfect sphere packing
(which takes one of many possible forms, depending on the value ofAtts,'and its Step 4 changes the
positions of the spheres to furthermore cover all the possible cases of perfect sphere packing.

(2) Case 2¢ = 2. This case is simple, so we skip its analysis.

(3) Case 3:t is odd. In this case, Construction 2.1 re-produces the sphere-packing method presented
in [15], which is commonly known as the unique way to pack spheres for ¢slele the final paragraph of
the proof of Theorem 3 for more detailed introduction).

O

Now we present perfectinterleaving constructions that are based on perfect sphere packing.

Construction 2.2: Perfeatinterleaving constructions
Input: A positive integett. An i, x I; torusG, where both; andl, are multiples ot if ¢ is even, and both
[, andl, are multiples o@ if ¢is odd.

Output: A perfectt-interleaving onG.

Construction:

(2) If t # 2, then do the following:

« Use Construction 2.1 to get a perfect sphere packirig ibabel each of those spheres wiifh| distinct
integers, in such a way that all the spheres have the same interleaving pattern, and every integer is used
exactly once in each sphere.

(2) If t = 2, then do the following:

« Foreveryvertexi,j)of G (0 <:<1; —1,0 < j <ly—1),if i+ jis even, label it with the integer
‘0’, otherwise label it with the integer ‘1.

O

Example 2.2Lett = 4, and letG be anl2 x 24 torus. Firstly, we use Construction 2.1 to find a perfect
sphere packing id7. Sincet is even, the Step 1 of Construction 2.1 is executed. We chdgséd,, - - -,
Agcd(%,l%)fl to beA; = 0, A, = 1. (Note that herged(%,2) — 1 = 2.) Then theged(%,2) = 3 cycles
in G are as shown in Fig. 6 (a), which are three sets of sphgresspectively of three different background
patterns. The spheres in thoseyglesform a perfect packing id-.

Next, we use Construction 2.2 to perfecthinterleaveG. Let the perfect sphere packing remain as it is;
and label all the spheres with the same interleaving pattern, USjhg- 8 distinct integers. The resulting

perfectt-interleaving onz is shown in Fig. 6 (b). O

We comment that Construction 2.2 provides tlenpleteset of perfect-interleaving constructions that
have the following property: for any two integers, the two sets of vertices respectively labelled by those two
integers are cosets of each other in the torus. What is more, in [9], ttinéerleaving constructions were
presented, all based on lattice interleavers. Our Construction 2.2 generalizes the results in [9] in two ways:
firstly, it covers more constructions based on lattice interleavers, with the results of [9] included as special
cases; secondly, whens even, it also covers constructions that do not use lattice interleavers, which we can
make happen by simply letting any; and A, take different values.
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Fig. 6. Example of perfedatinterleaving using Construction 2.2.

[11. ACHIEVING AN INTERLEAVING DEGREE WITHIN ONE OF THEOPTIMAL

In this section, we presenttanterleaving construction, with which we cafinterleave any large enough

torus with a degree within one of the optimal. The construction presented here will also be used as a building
block in Section IV.

A. Interleaving Construction

Definition 3.1:

« Given a positive integet, if ¢ is odd, thenP is defined to be a string of integers,; as, - - -, CLt;l’,
wherea% =t+1landag; =tforl <i< %; if ¢ is even, thenP is defined to be a string of integers
‘ay, ag, -, a%’, wherea% =tanda; =t —1for1 <i < i. (For example, it = 3, thenP ='4’; if

t =4,thenP ='3,4";if t = 5, thenP ='5,6".)

Given a positive integer; if ¢ is odd, ther() is defined to be a string of integels, b,, - - -, b%’, where
b =t+1andp, =tforl <i< %; if ¢ is even, ther) is defined to be a string of integels, b,
--?,b%H’,whereb%+1 =tandh; =t—1for1 <i<i+1.

Given a positive integet, anoffset sequencis a string of P's and ‘QQ’s. (As an example, an offset
sequence consisting of P* and 2 ‘Q’s can be PQQ’, ' QPQ’ or ‘QQP’.) The offset sequence is
also naturally seen as a string of integers which is the union of the integers iistand ‘Q’s. (For
example, whert = 3, if an offset sequence consisting of 2'‘and 2 ‘Q’s is ‘ PQQ)’, then the offset
sequence is also seen as ‘4,3,4,3,4’; whend, if an offset sequence consisting of 3's and 2 Q)’s is
‘PQPPQ’, then the offset sequence is also seen as ‘3,4,3,3,4,3,4,3,4,3,3,4".) The number of integers
in an offset sequence is called iength
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Fig. 7. An example of-interleaving of special features.

In this section, we are particularly interested in one kind-wfterleaving on ard; x [, torus, which has
the following features:

. Feature 11, = |S,| + 1. (In other words, i is odd, therl, = ££1 + 1; if  is even, therd; = £ + 1)

« Feature 2: The degree of thénterleaving equals,. And in every column of the torus, each of the
integers is assigned to exactly one vertex.

. Feature 3: If the vertexa;, b;) and the verteXas, b2) are labelled by the same integer, then for
1,2,---,1; — 1, the vertex(a; + i) mod Iy, b;) and the verteX(as + i) mod Iy, b,) are labelled by the
same integer.

Example 3.1Fig. 7 shows &-interleaving on ard; x [, torus which has the above three features. There
t=3,11 =|S|+1=6andl, =8.

Now let’s fixed an integeri', where( < ¢ < 5, and say the set of vertices labelled bydre ‘(z,0),
(x1,1), -++, (z1,-1,lo — 1)’. Then the following string of integers:(t; — o) mod Iy, (zo — 1) mod
li,-+,(x7 — x¢) mod Iy, (ro — x7) mod ly’, equals ‘4,4,4,3,4,4,3,4'. Since wheén= 3, P ='4" and
@ ='3,4’, the above string of integers actually equats? PQ P(Q)’, which is an offset sequence of length
. We comment that this phenomenon is not a pure coincidence — offset sequences do help-us find
interleavings that have the above three features. In fact, we can prove that in many cases (eig=Wwhen
or 7), forany t-interleaving on a torus that has the above three features, after horizontally shifting and/or
vertically reversing the interleaving pattern, the resulting interleaving will have the same phenomenon as the
example shown here.

O

The following construction outputsinterleaving that has the three features.

Construction 3.1:
Input: A positive integert. Anl; x I, torus, wherd; = |S;| + 1. An integerm that equalg §|. Two
integersp andq that satisfy the following equation settifs odd:

pm+q(m+1) =1
p(2m* +m+1) + ¢(2m?* + 3m + 2) = 0 mod (2m? + 2m + 2) (1)
p andq are non-negative integens;+ g > 0.

and satisfy the following equation settifs even:
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pm+qgm+1) =1y
p(2m? —m + 1) + q(2m? +m) = 0 mod (2m? + 1) (2)
p andq are non-negative integers;+ ¢ > 0.
Output: A t-interleaving on thé, x [, torus.

Construction:Let S ='sg, s1,- - -, S;,_1" be an arbitrary offset sequence consisting0f’s andq ‘Q'’s.
Forj =1,2,---,l;and fori = 0,1,---,1; — 1, label the verteX(3>_{ s, + ) mod Iy, j mod I,) with the
integer %’

O

Example 3.21lett = 3,1, =6,l, =8, m =1, p =4, andg = 2. We use Construction 3.1 teinterleave
anl; x [, torus. Say the offset sequenges chosen to beP PPQ P(Q’. Then Construction 3.1 outputs the
t-interleaving shown in Fig. 7]

We explain Construction 3.1 a little bit. The Equation Set (1) (for 6ddnd the Equation Set (2) (for
event) ensure that the offset sequengewhich consists op ‘ P's andq ‘Q’s, exists. Furthermore, for any
integerj (0 < j <y —1),if (a,5) and(b, (j + 1) mod l5) are two vertices labelled by the same integer,
thenb — a = s; mod [; — namely, the offset sequenfendicates thevertical offsetof any two vertices in
adjacent columns that are labelled by the same integer. It is simple to verify thattieeleaving output by
Construction 3.1 satisfies all the three features — Feature 1, 2 and 3 — listed earlier in this subsection.

The following lemma will be used to prove the correctness of Construction 3.1 and also in future analysis.

Lemma4:Leti € {0,1,---,|S;|} be any of the integers used by Construction 3.1 to interleavg thé,
torus. Let{(by,0), (b1,1),---,(bi,—1,l2 — 1)} be the set of vertices in the torus that are labelled.blyet
m andS have the same meaning as in Construction 3.1 (namely, {;J, andsS ='sg, 1, -+, S;,1 IS the

offset sequence consistingef P’'s andq ‘ Q)’s utilized by Construction 3.1). For any two integgrsand
(0 < j1 # j2 < 12 — 1), we defineL;, .;, asLj,—.j, = [(j2 — j1) mod lo] + min{(bj, — b;,) mod Iy, (b;, —
bj,) mod [; }. Then we have the following conclusions:

« Case 1:iftis odd,j, — j1 = m mod I, ands;,, S(j,4+1) mod ls> S(j1+2) mod Iz> " * * » S(ja—1) mod 1, dO NOt all
equalt, thenb;, — b;, = —(m + 1) mod [y andL;,_;, = t.
« Case2:itisodd,j,—j; = m+1 mod I, and exactly one of;, , s(;,4+1) mod s S(j1+2) mod la> * * * » S(ja—1) mod I

equals + 1, thenb;, — b;, = m mod l; andL;, _.;, = t.
. Case 3:iftis evenyg, — ji = 1 mod Iy, ands;, = ¢ — 1, thenby, —b;, =t —1mod l; andL;, .;, = L.

« Case 4. ift is even, — j1 = m mod ly, @nds;,, 5(j,41) mod iz5 S(j1+2) mod la» " * * » S(j2—1) mod i A0 NOt all
equalt — 1, thenb,, — b;, = —m mod [, andL;,_;, = t.
» Caseb:iftiseven,j,—j; = m+1 mod Iy, and exactly one of; , 5(;, 1) mod 125 5(j1+2) mod i2+ " * * > S(ja—1) mod I

equalst, thenb;, — b;, =m — 1 mod [, andL,,_,;, = t.
« Case 6: if none of the above five cases is true, gnd j; # ¢t mod Iy, thenL,,_,;, > t. If none of the
above five cases is true, and— j; = ¢t mod [y, thenL; _,;, > t.

Proof: Let A = t+1if tisodd, and lel\ = tif t is even. The offset sequenSeonsists of P’s and ‘Q’s,
so it has the following property: for anye {0, 1,---,l, — 1} such that; = A, the followingm — 1 integers

— S(i4+1) mod lz» S(i+2) mod l2s " *y S(i+m—1) mod l2 all equa-lA -1, and eithels(i—i—m) mod I Of S(i+m+1) mod I3
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equalsA. Also note thab;, — b;, = s, + 5(j,+1) mod Is T 5(j1+2) mod Is T ** = + S(jo—1) mod 1, Mmod ;. Based
on those two observations, this lemma can be proved with straightforward computation.
O

Theorem 5:Construction 3.1 is correct.

Proof: Let (b;,, 1) and(b;,, j») be any two vertices labelled by the same integer inthe I, torus that
was interleaved by Construction 3.1. The Lee distance between théitbjs j1), (b;,, j2)) = min{(j, —
J1) mod lo, (j1 — j2) mod Iy} + min{(b;, — b;,) mod Iy, (b;, — b;,) mod y } = min{L;,_.;,, Lj,—;, }. From
Lemma 4, it is clearly that botlh;, _.,, andL;,_.,, are no less than Therefored((b;,, j1), (bj,,J2)) > t.
So Construction 3.1-interleaved the torus. And as mentioned before, tinderleaving satisfies Feature 1,

Feature 2 and Feature 3.
0

B. Existence of Offset Sequences

The feasibility of Construction 3.1 depends only on one thing — whether the two input parameéters *

and ‘¢’ exist or not. The following theorem shows that when the width of the tdsgxceeds a threshold,
‘p’ and ‘¢’ are guaranteed to exist.

Theorem 6:Lett be an odd (respectively, even) positive integer. When | £ ]([ 5] +1)(|Si| + 1), there

exists at least one solutigmp, ¢) to the equation set (1) (respectively, equation set (2)), which is shown in

the ‘Input’ part of Construction 3.1.

Proof: Firstly, let's assume is odd. The equation set (1) is as follows:

pm+qgm+1) =1
p(2m? +m+ 1) + q(2m? + 3m + 2) = 0 mod (2m? + 2m + 2)
p andq are non-negative integers;+ g > 0.

wherem = | £|. We introduce a new variable and transform the above equation set equivalently to be:

m m+1 P\ lo
2m? +m+1 2m?+3m +2 q ) \ z2m?+2m +2)

p andq are non-negative integersjs a positive integer.

which is the same as:

1
P . m m+1 lQ
q ) \2m*4+m+1 2m>+3m+2 z(2m? + 2m + 2)

p andq are non-negative integersjs a positive integer.

which equals:

p=2(m+1)(m?>+m+1)z — (2m?* + 3m + 2)l,
q=2m*+m+1)ly —2m(m* +m+ 1)z
p andg are non-negative integersjs a positive integer.
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There exists a solution for the variabless andz in the above equation set if and only if the following
conditions can be satisfied:

2(m+1)(m* +m+ 1)z — (2m* +3m + 2)l; > 0
2m?2+m+ 1D)ly —2m(m?>+m+ 1)z >0
z IS a positive integer.

which is equivalent to:

(2m2+3m+2)l2 < (2m24+m+1)la
2(m+1)(m2+m+1) — Z = 2m(m2+m+1)
2z IS a positive integer.

To enable a value for to exist that satisfies the above conditions, it is sufficient to né%%f%*‘ﬁ;—% —

Q(i’fi;ﬁfﬂgljl) > 1 —thatis, to maké, > 2m(m +1)(m*+m+1) = [5](|£] +1)(|S;| +1). Therefore
whenl, > [£(|£] 4+ 1)(|S| + 1), there exists at least one solutign ¢) to the equation set (1).
Whent is even, the conclusion can be proved in a very similar way. We skip its details.

O

Corollary 1: Whenil, > |L]([5] + 1)(|S:| + 1), Construction 3.1 can be used to outputiaterleaving
on an(|S;| + 1) x I, torus.

Proof: Whenl, > | £]([£] +1)(|S¢| + 1), all the parameters in the ‘Input’ part of Construction 3.1 exist,
includingp andg.
O

C. Interleaving with Degree within One of the Optimal

We define the simple term ailing tori here. By tiling several interleaved tori vertically or horizontally,
we get a larger torus, whose interleaving is the straightforward combination of the interleaving on the smaller
tori. It is best explained with an example.

Example 3.3 Three interleaved tori—A, B andC' — are shown in Fig.8. The torus is a5 x 4 torus,

got bytiling A and B vertically in the form of[ 5| The torusFE is a2 x 8 torus, got bytiling one copy

of A and two copies of' horizontallyin the form of[ cC A C }
0

The following construction-interleaves a large enough torus with at most + 2 distinct integers.

Construction 3.2¢-interleave arh; x [, torusG, wherel; > |S,[(]S;|+1) andly > | L] ([5]+1)(|Si|+1),
using at mostS;| + 2 distinct integers.

1. LetG, be an(|S;| + 1) x [, torus that is-interleaved by Construction 3.1, using the integers ‘0’,'1’,
S Let {(co,0), (¢1,1),- -+, (c,—1,l2 — 1) } be the set of vertices if¥; labelled by the integer ‘0.

2. LetG, be an(]S;| + 2) x [, torus. Label the nodefcy, 0), (c1,1),- -, (ci,—1,12 — 1)} in G5 with the
integer 1S5, + 1.
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@ (b)

A B C D E
1 0|0 12 0|1|2]|3 2 2 112
2 1 3 312|110 3 2|1 3|4
2 0/0|0]|O0
111|111
212|122
Fig. 8. Examples oTiling Tori
G1 G2 G
0 3123|232 0/2|0|2|0]2
1|0 0/3|0|3|0]|3 1/0{1j0f1|O0
1/0({1j0f1|O0 21112121
21112121 3|12|13|2|3]2
0/3|/0|3|0]|3
1/0{1j0f1|O0
21112121

Fig. 9. Examples of Construction 3.2.

3.Forj=0,1,---,ly—landfori = 1,2,---,|S;| + 1, label the nod€(c; + ) mod (|S;| + 2), j) with
the integer — 1'.

4. Letx andy be two non-negative integers such that x(|S;| + 1) + y(|.S;| + 2). Tile x copies ofG;
andy copies ofG, vertically to get arl; x [, torusG, which ist-interleaved using at mos$;| + 2 distinct
integers.

O

Example 3.4:We use Construction 3.2 teinterleave & x 6 torusG, wheret = 2. The first step is to
use Construction 3.1 tointerleave &8 x 6 torusG,. Say the offset sequence selected in Construction 3.1
isS =‘QQQ = ‘1,2,1,2,1,2/, thenG, is as shown in Fig. 9. Then thiex 6 torusG, is as shown in the
figure. By tiling one copy o7, and one copy ofr, vertically, we get the-interleaved torus;. |S;|+2 =4
distinct integers are used to interleave

0

Theorem 7:Construction 3.2 is correct.

Proof: It is a known fact that for any two co-prime positive integereind B, any integeiC' no less than
(A—1)(B — 1) can be expressed 85= x A + yB wherex andy are non-negative integers. Therefore in
Construction 3.2, sinch > |S|(|S¢| + 1), [ indeed can be expressedias= z(|S;| + 1) + y(|S¢| + 2),
as shown in the last step of Construction 3.2. So the construction can be executed from beginning to end
successfully. Now we prove that the construction deggerleaveGG — that is, for any two nodeéu, b;)
and (aq, by) labelled by the same integéin G, the Lee distance between them is at leastVe consider
three cases.

Case 1b; = by, which means thatu, b, ) and(as, by) are in the same column 6f. We see every column
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of G as aring of lengtld, (because it is toroidal). Then, observe the integers labelling a colud@narid we

can see that on the column, the integers following an integgr+ 1’ and before the next integefsS;| + 1’

must be 0,1, [Sy],0,1, -+, [Sy|, -+ ,0,1,--- ]S, where the patter®, 1,-- -, |S;| appears at least
once. Therefore sinceu;, by) and(as, by) are labelled by the same integer, the Lee distance between them
must be at leastS;| + 1 > ¢.

Case 2b; # by, andi # |S;| + 1. In this case, let’s first observe two conclusions:

« The interleaving orG; is t-interleaving. (See Construction 3.2 for the definition(af) This can be
proved as follows: any two vertices labelled by the same integéf,ican be expressed a&:;, +
ig) mod (|S¢| + 2), j1) and((c;, + ip) mod (|S| + 2), j2) (see the Step 2 and Step 3 of Construction
3.2); thenda, (((c;, +io) mod (1S4 +2), 51), ((¢j, +io) mod (IS4 +2), j2)) = day (¢ 1), (€ 2)) =
de, ((¢j, 1), (¢j, 52)) = .

. Let(a,7) and(g,j) be two vertices respectively ifi; andG, both of which are labelled by the same
integer. Then it is simple to see thdt= a or 5 = a + 1. SinceG; has|S;| + 1 rows andG-
has|s;| + 2 rows, we havele, ((5, ), (0,5)) > dg,((a, 7). (0,5)) andde,((5.5). (15| + 1,5)) >
de, ((a, 7), (]St], 7). That is, ifu andv are two vertices respectively i, andG, both of which are
in the j-th column and labelled by the same integer, the vertical distance:frtorthe two ‘borders’ of
G2 is no less than the vertical distance franto the two ‘borders’ of7; .

According to Construction 3.27 is got by vertically tilingz copies ofG; andy copies ofG,. Let’s call
each of those: + y tori a component torusf G. Now, if (ay,b,) and(az, b2) are in the same component
torus of G, we know the Lee distance between thentins no less than the Lee distance between them
in that component toryswvhich is at least because that component torustigterleaved. If(a;,b,) and
(a9, by) are not in the same component torugHfwe do the following. We firstly construct a toras which
is got by vertically tilingz + y copies ofGG;. It is simple to see that’ is t-interleaved. We call each of the
x + y copies ofG; in G’ acomponent torusf G’'. Let’s say(a;, b;) and(as, by) are respectively in thg, -th
andk,-th component torus af. Let (c1,b1) and(cy, by) be the two vertices labelled by the integethat
are respectively in thé;-th andk,-th component torus af’. Observe the shortest path between b;)
and (a9, b2) In G, and we see that it can be split into such three intervals: ffenb,) to a border of the
k1-th component torus, from the border of theth component torus to the border of theth component
torus, and from the border of tiig-th component torus t@i,, b;). There is a corresponding (not necessarily
shortest) path connecting;, b;) and(cs, b2) in G’, which can be split into such three intervals similarly.
And each of the three intervals of the first path is at least as long as the corresponding interval of the second
path. G’ is t-interleaved, so the second path’s length is at IeaSb the Lee distance betweén, b;) and
(ag,by) In G is at least.

Case 3:b; # by, andi = |S;| + 1. In this case, it is simple to see that the two vertice&rin(a; +
1 mod [y, b1) and(ay + 1 mod 14, by), are both labelled by the integer 0. Based on the conclusion of Case 2,
dg((a; + 1 mod Iy, 1), (az + 1 mod Iy, b)) > t. Sodg((a1,b1), (az,bs)) = dg((a; + 1 mod Iy, by), (az +
1 mod [y, by)) > t.

So Construction 3.2 correctlyinterleaveds.

O

As a result of Construction 3.2, we get the following theorem.
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Theorem 8:Whenl; > [S,[(|S:|+ 1) andly > |£](| 5] +1)(]S:| + 1), anly x I, (or equivalently/, x I;)
torus’ t-interleaving number is at mogt;| + 2.

By combining Construction 2.2 (the construction for perfertterleaving) and Construction 3.2, we can
t-interleave any sufficiently large torus with a degree within one of the optimal.

IV. OPTIMAL INTERLEAVING ON LARGE TORI

In the previous section, it is shown that whénis large enough, af|S;| + 1) x I, torus can be-
interleaved usingS;| + 1 integers. In this section, we will construct gr|S;| + 1) — 1] x I, torus which is
alsot-interleaved usingS;| + 1 integers, by using an operation we cafimoving a zigzag row(* &’ is some
integer.) Those two tori have a special property: when they (or multiple copies of them) are tiled vertically
to get a larger torus, the larger torus is alsaterleaved with degregs;| + 1. |S;| + 1 andk(|S;| + 1) — 1
are co-prime, so a large enougjhmust be a linear combination of those two numbers with non-negative
integral coefficients — therefore @nx [, torus can be-interleaved usingS;| + 1 integers in this way. We
present constructions to optimallyinterleave such tori; and as a parallel result, the existence of Region |
(see Section I: Introduction) is proved.

All the results of this section can be split into two parts: one for the daiseodd’, and the other for the
case t is even’. Those two cases can be analyzed with very similar methods; however their analysis and
results differ in details. For succinctness, in this section, we only analyze in detail the asdd’, which
should suffice for illustrating all the ideas. So in the first three subsections here — Subsection A, B, and C,
we always assume thats odd In Subsection D, we present just the final result for the casegven’. We
list the major intermediate results for the cases‘even’ in Appendix Il

A. Removing a Zigzag Row in a Torus

Definition 4.1:A zigzag rowin anl; x I, torus is a set of; vertices of the torusf (ao, 0), (a1, 1), - -, (a1, lo—
1)}, where0 < a; <1l; —1fori=0,1,---,ly — 1. (For example{(2,0), (3,1),(0,2),(0,3),(3,4)} isa
zigzag row in al x 5torus.) O

Definition 4.2: Let T" be anl; x I, torus. Let{(ao,0), (a1,1),--,(ai,—1,lo — 1)} be a zigzag row in
T. Let there be an interleaving df, which labelsT’s vertex (b, c) with the integer/(b,c), for b =
0,1,---,ly —1landc = 0,1,---,lo — 1. Then a torugz is said to be ‘got by removing the zigzag row
{(ap,0), (as,1),---, (ai,_1,lo — 1)} in T" if and only if these two conditions are satisfied:

« Glisan(l; — 1) x [y torus.

e« Fori=0,1,---,l; —2andj =0,1,---,ly — 1, the nod€(s, j) in G is labelled by the integef(i, j) if

i < aj, and by the integef(i + 1,5) if i > a;. O

Example 4.11n Fig. 10, a6 x 5 torusT' is shown. A zigzag row(3,0), (2,1),(1,2),(3,3),(1,4)}inT'is
circled in the figure. Fig. 10 shows a tortigyot by removing the zigzag ro{(3, 0), (2, 1), (1, 2), (3, 3), (1,4)}
inT.
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6|2 1
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@ ®
5 6
6 1

Fig. 10. Removing a zigzag roy(3,0), (2, 1), (1,2), (3,3), (1,4)} in T..

It can be readily observed thétcan be seen as being derived fr@nin the following way: firstly, delete
the zigzag row ir" that is circled in Fig. 10; then in each column®f move the vertices below the circled
vertex upward. O

We present three rules to follow for devising a zigzag row. Bebe anl, x [, torus which ist-
interleaved by Construction 3.1. (That medps= |S;| + 1.) LetS ='sg,s1, -+, 8,1’ be the offset
sequence utilized by Construction 3.1 when it wasterleavingB. Let H be anl; x [, torus got by tiling

several copies of3 vertically. Letm = [£]|. Then the three rules for devising a zigzag rowH4n—

{(ao,0), (a1,1), -, (ay-1,lo — 1)} — are:

« Rule 1: Foranyj suchthat < j <[, — 1, ifthe integerss;, s(j4+1) mod s> * * - » S(j+m—1) mod i, d0 NOt all
equalt, thena; > a(j1m) mod 1, + M.
« Rule 2: Forany suchthat < j </,—1, if exactly one of the integers;, s(;+1) mod 1o * * * » S(j+m) mod i

equalst + 1, thena; < aj1m+1) mods, — (M — 1).
o Rule 3: Foranyjsuchthat) <j <l —1,m<a; <l —m— 1.

Lemma 5:Let B be a torug-interleaved by Construction 3.1. Lét be a torus got by tiling copies df
vertically, and letl" be a torus got by removing a zigzag rowhf where the zigzag row i/ follows the
three rules — Rule 1, Rule 2 and Rule 3. Iébe a torus got by tiling copies d? andT vertically. Then,
bothT andG aret-interleaved.

Proof: Whent = 1, the proof is trivial. So we assunte> 3 in the rest of the proof. It is simple to
see thatH is t-interleaved, becausk is got by tiling B, at-interleaved torus. We assunteis anily x I
torus (wherd, = |S;| + 1), H is anl; x [, torus (wherd; is a multiple ofly), T is anly x [, torus (where
Ilr = 1; — 1), andG is anlg x [; torus. Letm = L%j. LetS ='sg,s1,---,S,-1" be the offset sequence
utilized by Construction 3.1 when it wasnterleavingB.

(1) In this part, we will prove thal” is t-interleaved. Le{zq,y;) and(z9,y2) be two vertices irff” both
labelled by some integer”. We need to prove thatr((z1, 1), (z2,92)) > t.

Let {(ao,0), (a1,1),- -, (a,-1,l2 — 1)} denote the zigzag row removed i to getT. If a,, < x1, then
let z; = x; + 1; otherwise let:; = x;. Similarly, if a,, < x,, then letz; = x5 + 1; otherwise let; = .

Clearly, the two vertices iti, (z1,y1) and(z2, y»), are also labelled by-'.
We only need to consider the following three cases:
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Case liy; = y». Inthis casedy((z1,v1), (22, y2)) is a multiple of|S;| + 1 (the number of rows iB);
anddz ((z1,1), (22,12)) > di((21,1), (22,52)) — 1 > || = £ > ¢,

Case 2:y; # yo anddr((x1,11), (x2,y2)) < du((z1,11), (29,42)) — 2. Without loss of generality
(WLOG), we assume; > z,. Then, based on the definition of the ‘removing a zigzag row’, it is sim-
ple to verify that the following must be truedr((x1, 1), (72,2)) = du((21,v1), (22,92)) — 2, ay, <
z9 < 21 < @y, (22 — zmod ;) < (21 — 22 mod ;). By Rule 3, any vertex in the removed zigzag
row is neither in the firstn rows nor in the lastn rows of H, so (z; — 2y mod l;) > 2m + 3. So
dr((z1,y1), (x2,92)) = du((z1, 1), (22,42)) =2 > (22 —2zymod [1) =2 >2m + 1 =+t.

Case 3y, # yo anddr((z1,y1), (x2,92)) > du((z1, 1), (22, y2))—1. We know thatly ((z1, y1), (22, y2)) >
t. So to show thatly((x1,v1), (z2,y2)) > t, we just need to prove that iy ((z1,v1), (22,42)) = t, then
dr((x1,11), (x2,y2)) > du((z1,v1), (22,92)). By Lemma 4, there are only two non-trivial sub-cases to
consider WLOG:

Sub-case 3.1y, —y; = m mod ly, 20—21 = —(m~+1) mod Iy, dy((z1,91), (22,¥2)) = (y2—y1 mod l3)+
(z1 — zzmod ly) = t, andsy,, 5(y,4+1) mod l2s S(y142) mod la» * * " S(y1+m—1) mod 1, 40 NOt all equat. If z; > 2z,
(which meansz; = z; + (m + 1)), then from Rule 1, it is simple to see that — zo = 23 — 25 —
sodr((z1,y1), (x2,92)) = du((z1,y1), (22,92)) = t. If 21 < z (which means thatz;,y;) and (29, y2)
are respectively in the first and last + 1 rows of H), since the first and last: rows of H andT" must
be the same, we get that; — z; mod 1) = (21 — zzmod ly) = m + 1 — s0dr((z1,v1), (T2, 42)) =
du((z1,1), (22,92)) = t.

Sub-case 3.2y — y; = m + 1 mod I, 20 — 2y = m mod Iy, dg((21,v1), (22, y2)) = (y2 — y1 mod l3) +
(20 — z1 mod ;) = t, and exactly one of,,, S(y,+1) mod l2r S(y1+2) mod sy ** *» S(y1+m) mod I, €QUAISE + 1.
If 21 < 2z (which means:; = z; — m), then from Rule 2, it is simple to see thaf — x1 = 2, — 2 —
sodr((z1,y1), (x2,92)) = da((21,91), (22,y2)) = t. If z1 > 25 (Which means thatz, y;) and(z., y-) are
respectively in the last and first rows of /), since the first and last rows of H andT must be the same, we
getthat(zy — 1 mod ly) = (29 — 2y mod ly) = m —sodr((z1,y1), (z2,92)) = dg((z1,11), (22,y2)) = t.
SoT is t-interleaved.

(2) In this part, we will prove that is t-interleaved. First let's have an observation: wherrmerleaved
torus K is tiled with other tori vertically to get a larger tords for any two verticeg:, andv in K (which
are now also i) labelled by the same integer, the Lee distance between Md@(u, v), is clearly
no less thart. Let’s also notice that the torus got by tiling one copy®fnd one copy of” vertically is
t-interleaved, which can be proved with exactly the same proof as in part (1).

G is got by tiling multiple copies oB andT'. Let's call each copy oB or T"in G acomponent torus.et
(z1,y1) and(zs, y2) be two vertices inG labelled by the same integer. Assue((x1,v1), (z2,v2)) < t.
Then since botlB andT have more thanrows, (z1, y;) and(zs, y») must be either in the same component
torus or in two adjacent component tori. Now(if;, y;) and(z», y2) are in the same component torus, Aét
denote that component torus;(if,, y;) and(z,, y2) are in two adjacent component tori, l&tbe the torus
got by vertically tiling those two component tori; 16t be the same a§. By using the observation in the
previous paragraph, we can readily prove that(x1, 1), (x2,y2)) > t. SOG is t-interleaved.

O
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B. Constructing the Zigzag Row

We presented three rules on devising a zigzag row in the previous subsection. But specifically, how to
construct a zigzag row that follow all those rules? In this subsection, we present such constructions.

Before the formal presentation, let us go over a few concepts. An offset sequence is a stiiggaoid
‘Q’s, where P and () are strings of integers depending anFor example, when = 5, P ='5,6" and
Q ='5,5,6". Then an offset sequenc& P’ can also be written as; 6, 5,6,5,5,6". Let’s also express
the offset sequence”PQ)’ as ‘sg, s1, S, S3, S4, S5, S¢, Wheresy = 5, s = 6, --+, s¢ = 6. Then for
i=0,1,---,6, s; is called the (i + 1)-th element’ of the offset sequence.is also called the ‘first element
of a P’, because it is the first element of the secdhh the offset sequence. For the same reasgis the
first element of aP (the first P in the offset sequencey; is the second (or last) element ofa(the first P
in the offset sequencey, is the first element of & (the first/last/only in the offset sequence), and so on.

Now we begin the formal presentation of the constructions.B.ee anl, x [, torus that ig-interleaved
by Construction 3.1. (Therefolg = |S;|+1.) Let H be ani; x I, torus got by tilingz copies ofB vertically.
(Therefore; = zly = z(|S;|+1).) LetS ='s¢, s1,- - -, 51,1 be the offset sequence utilized by Construction
3.1 when it wag-interleavingB. We say that the offset sequengeconsists ofp ‘' P's andq ‘Q’s, where
we requirep > 0 andq > 0. We require that in the offset sequence, thés‘and ‘Q’s are interleaved very
evenly — to be specific, in the offset sequence, between any two nedbfincluding between the last”
and the first P’, because we see the offset sequence as being toroidal, so the’lasid the first P’ are
also nearby P’'s), there are eithefr!| or [ 1] consecutive@)’s; and between any two nearb®’s (including
between the last)’ and the first '), there are eithefZ] or || consecutive P's. Also, we require the
offset sequence to start with &" and to end with a¢)’. (For example, an offset sequence consisting of 3
‘P’s and 5 ’s that satisfies the above requirementsi§)Q PQQ PQ’.) Let m = % LetL = m+m[§l
if p> ¢, and letl = m + (m — 1)[L]if p < . We require that; > ([2] + 1)ym? +2m+ 1if p > ¢, and
require that; > ([1]+ ym2+m+(2— [4]) if p < q. Below we present two constructions for constructing
a zigzag row inf, applicable respectively when> ¢ and wherp < ¢. Note that the constructed zigzag
row is denoted by (ao, 0), (a1,1), -+, (a,_1,lo—1)}. Also note that both constructions require 3. (The
analysis for the case = 3’, as asomewhaspecial case, will be presented in Appendix 1.)

Construction 4.1: Constructing a zigzag row#ih, whent is odd,t > 3, andp > ¢ > 0
1. Lets,,, Sey, -y Sa,,, D€ the integers such that= 2, < 2y < -+ < @,,4 =l —m — 1, and each,,
(1 <i < p+q)isthefirst element of aP’ or ‘ " in the offset sequencs.
Leta,, = L. Fori =2top+gq,if s,,_, is the first element of &', let a,, = L.
Fori =2top + ¢, if s,, , is the first element of a#’, then leta,, = a,, , — m.
2. Fori=2tomandforj =1top+q,leta,, ;1 = az;1i2+ L.
3. Letsy,, 5y,, -, 54, be the integers such that <y, < --- <y, =1, —1,and each,, (1 <i <q)is
the last element of &)’ in the offset sequencs.
Fori =1tog, leta,, = mL +m.
Now we have fully determined the zigzag rof¥a, 0), (a1,1), - - -, (a1, 1> — 1)}, in the torusH.
O

The zigzag row constructed by Construction 4.1 has a quite regular structure. We show it with an example.
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Example 4.2:We use this example to illustrate Construction 4.1. In this exanipie,5, and B is an
14 x 18 torus as shown in Fig. 11(a)3 is t-interleaved by Construction 3.1 by using the offset sequence
S="PPPQPPPQ ='5,6,5,6,5,6,55,6,5,6,5,6,5,6,5,5,6". The torusH is shown in Fig. 11(b)H is
an28 x 18 torus got by tiling 2 copies aB vertically. The rest of the parameters used by Construction 4.1 are
p=16,q=2,m = 2andL = 8. Itis not difficult to verify that the zigzag row i/ constructed by Construc-
tion 4.1is{(8,0), (16, 1), (6,2), (14,3), (4,4), (12,5), (2,6), (10,7), (18, 8), (8,9), (16, 10), (6, 11), (14, 12),
(4,13), (12,14),(2,15), (10,16), (18,17)}. In Fig.11(b), the vertices in the zigzag row are shown in solid-
line circles, solid-line hexagons, or dashed-line circles.

Now we briefly analyze the structure of the zigzag rowHn Let us write the offset sequenceas
S ='sgp,s1,---,s17. Thenfor: = 0,1,---,17, we can see that; actually shows the ‘offset’ between the
i-th column and thé: + 1)-th column of # — in other words, if we shift the integers in ttigh column
of H down (toroidally) bys; units, we get th€i + 1)-th column of H. So we can think of; as ‘spanning
from thei-th column to thgi + 1)-th column of H’. And let’'s say aP or () in the offset sequence spans the
columns that all its elements span. Then, since the offset sequence hereRs)P P P()’, the ranges each
of them spans is as indicated in Fig. 11(b).

Let us observe the vertices in the zigzag row that are in solid-line circles. If we indicate them by, ),
(Azyy T2), -+, (Qapyys Tprg), WhETET) < 29+ -- < 2,44, then we can see that,, s,,, - - -, 5., are the ‘first
elements’ of the P’'s and ‘Q’s in the offset sequence (namely, each of them is the first element/éfa *
a ‘@)’ in the offset sequence). And we can see that the vertices in solid-line circles have a regular structure
— basically, it climes up byn = 2 units from one vertex to the next, and drops to a base-position if it is
between the spanned ranges @ and aP. Now let us observe the vertices in solid-line hexagons. We can
see that they correspond to those ‘second elements oftBeahd ‘QQ’s in the offset sequence’, and they
also have a regular structure. To be specific, the positions of the vertices in solid-line hexagons can be got
by shifting the positions of the vertices in solid-line circles horizontally by 1 unit and then down-by8
units. In general, those vertices in a zigzag row that correspond 1@ thé)-th elements of P’s and ‘Q’s
can be got by shifting the positions of the vertices that correspond tétthelements of P’'s and ‘Q’s
horizontally by 1 unit and down by unit (here0 < i < m). As for the vertices in dashed-line circles, they
correspond to the ‘last elements of th@'s in the offset sequence’, and they are all in the same row. The
above observations can be extended in an obvious way to the general outputs of Construction 4.1.

O

Now we present the second construction.

Construction 4.2: Constructing a zigzag rowkih, whent is odd,t > 3, and0 < p < ¢
1. Lets,,, 54y, - -, Sa,., D€ the integers such that= z; < 75 < --- < 3,44 = [ —m — 1, and each,,
(1 <i < p+q)isthefirst element of a® or )’ in the offset sequencs.
Leta,, = L.
Fori = 2top + ¢, if s,, is the first element of a’, let a,,, = L; if s, , is the first element of a’,
leta,, = L — [1](m — 1); otherwise, letw,, = a,, , + (m —1).
2.Fori=2tomandforj =1top+gq,leta,, ;1 = az;1i 2+ L.
3. Letsy,, 54,, -, 5, b the integers such that <y, < --- <y, =1, —1,and each,, (1 <i < q)is
the last element of &)’ in the offset sequencs.
Fori=1tog, leta,, = a,_1 + L.



28

@ B (b) "
I L N L L L L
I [ [ [ [ [ [ [ |
olo|a|2|6|1|o|al13|7|2]w0|5]13]8]2]11]6 olo|a|2|6|1|o|al13]7|2]|w0|5]13]8]2]11]6
1/10/413|7|2|10|5|0|8|3|11|l6|0|0|3]|12]7 1/10/413|7|2|10|5|0|8|3|1|6|0|9]3]|12]7
2|u|s|ols|3|u|e|1|o|al12]7]1]0]413]8 2|u|s|ols|s|@e|1|o]a]12]7]1]0@[13]8
3l26|1|9|4a2|7|2]w0|513]8|2]11]5]0]9 3l2|6|1|9|4a2|7|2]w0|513]8]2]11]5]0]9
4137|205 1383 ]11]|6]0]9|3 12|61 |10 4137 |2||5[13]8|3]11]6|0]9|®)]12]6 1|10
s5|/o|s|3|u|e|o]o]aj12|7]1]10]4 137|211 s5|/o|s|3|u|e|o]o]aj12|7]1]10]413]7|2]11
6|1]9|412|7]1]0|513]8|2]11]|5]0|8|3 12 6|1|@|412|7]1]0]513]8|@]11]|5]0]|8]|3]12
7|2|0|5 138 |2]11]6]0]9|3|12]6|1]9]|4]13 7|2|w0|513/8|2]11]6]0]9|3|12]6|1]9]|4]13
8la|u|6|o|o|a|2|7|1]w0]4a]13]7]2]0]5]0 ®|3]11]6]0]9]|3]12|7|®|10]4]13]7]|2]10|5]0
9l4|12/7|1w0|413|8|2|11|5]0]8|3]11]6]2 9l4|12/7|1w0|413|8|2|11|5]0]8|3]11]6]1
10]5[13]8|2]11|5]|0|9|3]12]6]|1]9]4a]12|7]2 105[13]8|2]1|5(0)9|3]12]6]|1]9]4]|12(7)2
11/6|0]9|3]12|6]1]10]4]13]7]2]10|5]13|8|3 11]6]0]9|3]12|6]1]10]4]13]7]2]10|5]13|8|3
12|7]1]10]4]13]7]2|1|5]|0]8]3|1n|6|o]|9]4 12|7]1]10]4(13)7|2|1|5]|0]8]3|1fe)o]|9|4
13[8|2]1]|5]0|8|3|12]6]1]9]4a]12|7]|1]10|5 13[8|2]1|5]0|8|3|12]6]1]9]4a]12]7]|1]10|5
ol9|3fi2)6|1]9]4|13]7]2]10(5)13]8|2]11]6
1/10/413|7|2|10|5|0|8|3|1|6|0|9|3]12]7
2fis|ols|afn|e|1]9fa)12|7]1]10|4]13]8
3l2l6|1|9|42|7|2]w0|513]8]2]11]5]0]9
4137 |2|10|5|13| 8 |:3)11|6|0|9|3|12]|6 |1 |10
s5|/o|s|3|u|6|o]o]aj12|7]1]10]413]7|2]11
6|1]9|412|7]1]0|513]8|2]11]|5]0|8|3]|12
7|2|w0|5 138 |2]11]6]0]9|3|12]6]1|9 413
8la|u|e|o|o|a|2|7|1]w0|4a]13]7]2]0]5]0
9l4|12/7|1w0|413]8|2|11|5]0]8|3]11]6]1
10]5[13]8|2]1]|5]|0|9|3]12]6]|1]9]a]12|7]2
11/6]0]9|3]12|6|1]10]4]13]7]2]10|5 13|83
12|7]1]1w0]4]138]7]|2|1|5]|0|8]3|1n|e|o]|9]a
13[8|2]1|5|0|8|3|12]6]1]9]4]12]7]|1]10|5

Fig. 11. An example of Construction 4.1.

Now we have fully determined the zigzag roWao, 0), (a1, 1), - - -, (a1, — 1)}, in the torusH.
O

Like Construction 4.1, the zigzag row constructed by Construction 4.2 also has a regular (and similar)
structure.

Theorem 9:The zigzag rows constructed by Construction 4.1 and Construction 4.2 follow all the three
rules — Rule 1, Rule 2 and Rule 3.

The above theorem can be proved with straightforward verification. So we skip its proof.

C. Optimal Interleaving Whehis Odd

In this subsection, we prove that wheis odd, for a torus whose size is large enough in both dimensions,
its ¢-interleaving number is at most one more than the sphere packing lower BSyntlVe also present the
corresponding optimatinterleaving construction.

Lemma 6:In Equation Set (1) (the equation set in Construction 3.1), let the valugsodndi; be fixed.
Let ‘p = pg, ¢ = qo’ be a solution that satisfies the Equation Set (1). Then, another solptiemi, ¢ = ¢’
also satisfies the Equation Set (1) if and only if there exists an integerh thap, = py + c(m +1)(2m? +
2m +2) > 0andgq; = qo — cm(2m? + 2m +2) > 0.
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Proof: We can easily prove thatp' = p;,q = ¢, is a solution that satisfies the Equation Set (1) if
p1 = po+c(m+1)(2m* + 2m +2) > 0 andq; = g — em(2m? + 2m + 2) > 0 for some integet”, by
plugging » = p1, ¢ = ¢;’ into the Equation Set (1). Now let’s prove the other direction.

Assume p = p1,q = ¢’ is a solution that satisfies the Equation Set (1). ket p; — pp andy =
¢ — qo- By the first equation in Equation Set (b)yn + ¢:(m + 1) = I = pom + qo(m + 1) — therefore
(p1 —po)m = —(q1 — qo)(m+1), whichiszm = —y(m+1). Sox is a multiple ofm + 1 andy is a multiple
of m. So there exists an integeisuch thatr = a(m + 1) andy = —am.

Now let us look at the second equation in Equation Setf{d(pm?* + m + 1) + ¢:(2m? + 3m + 2) =
0 mod (2m? + 2m + 2). Note that2m? + m + 1 = —(m + 1) mod (2m? + 2m + 2) and2m? + 3m +
2 = mmod (2m?* + 2m + 2). So—pi(m + 1) + ¢gm = 0 mod (2m? + 2m + 2). Sincep; = po +
r =po+alm+1)andq = g +y = q — am, we get—[py + a(m + 1)](m + 1) + (g — am)m
= [—po(m + 1) + qom| — [a(m + 1)* + am?] = —a(2m? + 2m + 1) = 0 mod (2m? + 2m + 2). Since
2m? +2m+ 1 and2m? + 2m + 2 must be co-prime, we géin? +2m + 2|a. So there exist an integeisuch
thata = ¢(2m? + 2m +2). Thenp; = py +x = pg + a(m + 1) = pg + c(m + 1)(2m* +2m + 2) > 0 and
@ =qo+y=q —am=qy—cm(2m? + 2m + 2) > 0.(The two inequalities come from the last condition
in Equation Set (1).) That completes the proof of the other direction of this lemma.

0

Lemma 7:In Equation Set (1) (the equation set in Construction 3.1), let the valugséndi, be fixed.
Let Ap = (m + 1)(2m? + 2m + 2) andAg = m(2m? + 2m + 2). If there exists a solution gf andg that
satisfies the Equation Set (1), then there exists a solutienp*, ¢ = ¢*’ that satisfies not only the Equation
set (1) but also one of the following two inequalities:

12 AQ 12 AP
=2 * ok =P 3
omi1l 2 TSP S5 T (3)

ZQ AP lQ AQ
omil 2 =P ST sS5, T ()

Proof: Assume there is a solutiop ‘= py,q = ¢’ that satisfies Equation Set (1). Trivially, either

Po > qo OF pg < qo. Firstly, let us assume that > qO If pg > theng, = m <

2—”2/(22111)%13]"1 - 12—V?“"””*”*%IP(2m2+2m+2)]m =32-—Ag (and vice versa) —sothen by Lemma 6,

‘p=1po— Ap,q = q + A’ is also a solution to Equation Set (1), and what's moxe;- Ap > 27};“ >

¢ + Ag. Based on the above observation, we can see that there must exist a splutipn, ¢ = ¢;" such

A .
that2m+1 —Ag<q <p1 < 2m+1 + Ap. If p1 < 5 +1 + AP thenqA> S — TQ — then we can simply
letp* = py and letg* = q1. If py > 52 + 42, theng, < 27511 — T — then we will Ietp*A: p— Ap
and letg* = ¢, + Ag, in which case we will havg 2 — 82 < p* < 72 < ¢* < 72+ 52, Sowhen

Po > qo, this lemma holds. The case thag ‘< ¢’ can be analyzed similarly.
O

Theorem 10:Let ¢ be a positive odd integer. Let = *5=. DefineA as

A = max{ ([Elet)emDoeinil] 4 1ym? 4 om + 1,

lo+m(2m+1)(m2+m-+1) lo+m(2mA41)(m2+m+1)
(’Vl2—2(m+1)(2m+1)(m2+m+1)—‘ +1)m? +m+2 - 15 2er)(2m+1)(n~b2+n~b+1)w}
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. Then when
l>(m+1D2m+1D(m* +m+1)+1

d
an 4

2m? 4 2m + 2
, anly x I, (or equivalently/, x [;) torus’t-interleaving number is eithéf;| or | S;| + 1.

112(2m2+2m+1)(t 1(2m2+2m+2)—2>

Proof: This theorem is trivially correct wheh= 1. Whent = 3, by the result of Appendix | (Theo-
rem 13), we can also easily verify that this theorem is correct. So in the following analysis, we assume that
t> 3.

Let's first define a few variables for the ease of expression.Ayet= (m + 1)(2m? + 2m + 2), Ag =
m(2m?+2m+2), B = lzjl:(m;nr(lgr(frf)r(l)m(2+2r:f1§1 O = zgiz(jnnl(lz)r(nz:ji({;(?ﬁjnlh)’ D = ([B]+1)m*+2m+1,
andE = ([C] + 1)m? + m + 2 — [C]. Then clearlyA = max{D, F'}.

Wheni, > (m+1)(2m+1)(m*+m+1)+1 = (m+3)(m+1)(2m?*+2m+2)+1 > m(m-+1)(2m*+2m+
2) = |L]([5]+1)(]S:|+1), by Theorem 6, there exists at least one solutiomarfidg that satisfies Equation
Set (1). Then by Lemma 7, there exists a solutipn='p*, g = ¢*’ to Equation Set (1) that satisfies either

the condition;2+ — 29 < <pf< gl L+ &P orthe condition; 2+ — 82 < p* < ¢* < G + e,
We analyze the two cases below.
o Casel:thereisa solutlop p*,q = ¢* to Equation Set (1) that satisfies the condlt@i@ﬁ -2 <

- <p < QWIfH + 4 2. We use Construction 3.1 tzelnterleave an|S| + 1) x I, torusGj. Note
that whenl, > (m + 1)(2m + 1)(m? + m + 1) + 1, 525 AQQ > 0, sog* > 0. Also note that
< % = B,soD > ([E] +1)m* +2m + 1. Let G, be an[[ g7 1(1S;] + 1)] x I torus
got by tiling (‘&%} copies ofGG; vertically. We use Construction 4.1 to find a zigzag rovéis) then
by removing the zigzag row i&'», we get a toruss; whose size i$[#] (|S¢| +1) — 1] x l,. Clearly
the number of rows i671, | S;|+1, and the number of rows ifi;, (#1 (|S¢]+1)—1, are co-prime. So
for anylo x I, torusG wherely > (|S,|+1—1)([ 1577 1(1S:[+1) =1 =1) = [Si| ([ 15,77 1(1Se[ +1) —2),
it can be got by tiling copies aff; andG; vertically — and by Lemma X7 is ¢-interleaved, with the

t-interleaving degree dfS;| + 1.

« Case 2: there is a solutiop = p*, ¢ = ¢*' to Equation Set (1) that satisfies the COﬂdItlf)‘Qﬁ AP <
p*<q < 277112“ + A;?. We use Construction 3.1 telnterleave an(|S:| + 1) x Iy torusG;. Note that
whenl, > (m + 1)(2m + 1)(m* + m + 1) + 1, 325 — 82 > 0, sop” > 0. Also note thatl <
% =(C,So0F > ((;—:1 +1)m?*+m+(2— [F]). LetG, be an[(ﬁ}(bﬂ +1)] x Iy torus
got by tiling (ﬁt copies ofGG; vertically. We use Construction 4.2 to find a zigzag rovéis then
by removing the zigzag row i&'», we get a toruss; whose size i$[%] (|S¢| +1) — 1] x l,. Clearly
the number of rows i+, |S;|+1, and the number of rows ifi;, (ﬁ} (|S¢|+1)—1, are co-prime. So
for anyly x I, torusG wherely > (|S;|+1— 1)([%1 (|Si]+1)—1-1) = ]SA((%} (|S¢]+1)—2),
it can be got by tiling copies aff; andG; vertically — and by Lemma 5 is t-interleaved, with the
t-interleaving degree db;| + 1.

Now let G be ani; x I, torus wherdy, > (m + 1)(2m + 1)(m* + m + 1) + 1 andl; > (2m? + 2m +

(2m?+2m+2) —2) = |S,|( [mﬁt{ﬁf}} (]S;|+1) —2). Based on the analysis for Case (1) and

D([ gzt |
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Case (2), we know that’s ¢-interleaving number is at moss;| + 1. By the sphere packing lower bound,
G's t-interleaving number is at least;|. SoG’s t-interleaving number is eitheéf;| or |.S;| + 1.
O

For easy reference, we show the method for optimalitterleaving a large torus as a construction below.
Note that the construction below is applicable only when 5 (and by defaultt is odd). Whent = 1, any
torus can be-interleaved with 1 integer in a trivial way. When= 3, the torus can beinterleaved with the
construction to be presented in Appendix I.

Construction 4.3: Optimal-Interleaving on a Large Torus
Input: An odd integert such that > 5. An integerm such thatn = % An [y x [, torus, where
l>(m+1D2m+1D)(m* +m+1)+1
and A
2m? 4+ 2m + 2
. (The parameteA is as defined in Theorem 10.)

Output: An optimal¢-interleaving on thé; x [, torus.

Construction:

1. If bothl; andl, are multiples of S|, then thel; x [, torus’t-interleaving number i§S;|. In this case,
we use Construction 2.2 teinterleave thé, x [, torus with|S;| distinct integers.

2. If either!l; or [; is not a multiple of|.S;|, then thel; x [, torus’ t-interleaving number i$S;| + 1. In
this case, we-interleave the torus withS;| + 1 integers in the following way: firstly, we-interleave an
(]S¢| + 1) x Iy torus, B, by using Construction 3.1 (note tha&t| + 1 = 2m? + 2m + 2); secondly, letd be
an [(ﬁl (IS¢| + 1)] x 5 torus which is got by tiIingf'Sfl‘H} copies ofB vertically, and use Construction
4.1 or Construction 4.2 (depending on which is applicable) to find a zigzag raw thirdly, remove the
zigzag row inH to get a[(ﬁ} (|S¢| + 1) — 1] x I, torusT; finally, find non-negative integersandy such
thatl; = z(]S;| + 1) + y[[ﬁ} (|S¢| + 1) — 1], and get ard; x [, torus by tilingz copies ofB andy copies
of T" vertically. The resulting interleaving on tligx [, torus is at-interleaving.

O

112(2m2+2m+1)<( 1(2m2+2m+2)—2>

D. Optimal Interleaving Whenhls Even

Whent is even, the optimal-interleaving on large tori can be analyzed in a very similar way as in the
case of odd. The main result for evetis shown in the following theorem. For succinctness, we leave the
major steps and intermediate results of the corresponding analysis in Appendix Il.

Theorem 11:Lett be a positive even integer. Let = £. DefineA as

o 212+ (m~+1)(2m+1)(2m2+1) 2 2lo4(m4+1)(2m+1)(2m2+1)
A e e O T ey 0
m(2m m 2 m(2m m
([2l2—2(m+1)(2m+1)(2m2+1)—| +1)m* + (3 - [212—2(m+1)(2m+1)(2m2+1)
—2f 2lp+m(2m+1)(2m>+1) 1}
2l —(m+1)(2m~+1)(2m?+1)

. Then when
(m+1)(2m+1)(2m* + 1)

ly > 5
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and

5122m2(( 1(2m2+1)—2>

2m2 + 1

, anly x Iy (or equivalently], x [;) torus’¢t-interleaving number is eithes6,| or | S| + 1.

V. GENERAL BOUNDS ONINTERLEAVING NUMBERS

We have shown that for a torus whose size is large enough in both dimensions (Theorem 10 and Theo-
rem 11), itst-interleaving number is at mos$,| + 1. If the requirement on the torus’ size is loosened to
some extent (Theorem 8), thenitterleaving number is at mokt,| + 2. Does that mean for a torus of any
size, itst-interleaving number is always at ma@st| plus a small constant? The answer is no. The following
theorem shows bounds énAnterleaving numbers.

Theorem 12:(1) Thet-interleaving numbers of two-dimensional tori d%| + O(¢?) in general. And
that upper bound is tight, even if the following restriction is enforced on the tori — the number of rows or
the number of columns of the torus approaches infinity. (2) When hathdi, are of the ordef)(¢?), the
t-interleaving number of ah x I, torus is|S;| + O(t).

Proof: (1) Firstly, let's show that the-interleaving numbers of two-dimensional tori af| + O(¢?) in
general. LetG be anl; x [, torus. First we assume thais even and; > ¢, 1, > t. Let K; = L%J,
= L%j. We seeG as being tiled by small blocks in the way shown in Fig. 12, where the blocks are

labelled by ‘A" or ‘B’. (Note that two blocks both labelled as ‘A" are not necessary of the same size. And
two blocks both labelled as ‘B’ are not necessary of the same size, either.) For every block labelled as
‘A (respectively, ‘B"), the four blocks around it (to its left, right, up and down) are all labelled as ‘B’
(respectively, ‘A). Each block consists of eithbjf{—ll or LQZ—lj rows, and eithef ;22 ~] or Lz -] columns.

(Note that(QK = [FEfeedt] = Loy [hgedt], [ ] = L (gt [52] = § o+ [lgiedt],
LQ%QJ =1 4 |lodt 1 ].) We see each block as a torus of its correspondlng size. (So for a block whose size
isa x g, it vertlces are denoted by, j) for: = 0,1,---,aa — 1 andj = 0,1,---, 3, in the same way a

torus’ vertices are normally denoted.) Now we interleave all the blocks following these two rules: (i) only

integers in the seﬁl 2, [glf(l] 3 1} are used to interleave any block ‘A, and only integers in the set
{[2K11 [ 52 ~] + (21711} : BKJ +2,---,2- (21—;(1} : (21722 } are used to interleave any block ‘B’; (ii) for

all the blocks labelled by ‘A (respectlvely, ‘B’) and for anyandj, the vertices denoted hy, j) in them
(provided they exist) are all labelled by the same integer. It is very easy to se&@ ihainterleaved in this
way, usingR- [ ;-] [52] = 2(4+ [L et ]) (4 4+ [l t]) < oL+ [51) (4 + [152]) = 262 = IS+ 32

distinct integers. S6:’s t-interleaving number i§S;| + O(¢?).

Now we assume is even, and, < t orl, < t. Without loss of generality, let's sdy < ¢. Then we see
G as being tiled horizontally by smaller todi;, As, ---, A,,, where eactd; —fori=1,2,--- ,n—1—Is
anl; x t torus, and4,, is anl; x (I mod t) torus. We interleavel,, A, - - -, A,_; in exactly the same way,
and assigri; x ¢ distinct integers to each of them. We interleaye with a disjoint set of;; x (I, mod t)
integers. Clearly? is t-interleaved in this way, using - ¢ + [; - (I, mod t) = | S| + O(¢?) distinct integers.
So again(G’s t-interleaving number i§S;| + O(¢?).
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Fig. 12. Sed7 as being tiled by small blocks.

Finally we assumeis odd. We carit+1)-interleave using|S; 1|+ O((t+1)?) = (t“ +0((t+1)?) =
RT“ + O(t?) = |S;|+ O(#?) distinct integerst + 1 is even, and & + 1)-interleaving is also &interleaving.
SoG's t-interleaving number is stillS;| + O(#?).

Now let's show that the above bound eéinterleaving numbers,S;| + O(£?), is tight, no matter ift is
even or odd. Consider dn x [, torus wherd, is the largest even integer that is no greater t@fﬂu, andl,
is any integer greater than or equal@}ij. We are firstly going to show thattainterleaving can place an
integer at most twice in any2¢| consecutive columns of the torus.

Assume at-interleaving places an integer on three verticeﬁnj consecutive columns of the torus.
Without loss of generality, let's say those three nodesvgrev;, ;, andv;, j,, where0 < j; < [3t] —1
and0 < j, < L%tj — 1. Since the interleaving is &interleaving, the Lee distance between any two of
those three vertices is at ledst_eta = 4 andb = | 3t] — 1. Itis not difficult to see that the Lee distance
betweenuv;, ;, and v, is at mostmin{(a — i) mod Iy, (i1 — a) mod 1} + (b — j1) = 2 — min{(0 —

i) mod Iy, (i1 — 0) mod b1} + (b — j1) = & + b — [min{(0 — é;) mod 1, (i1 — 0) mod {1} + j1]. Since the
Lee distance betweemn, andv;, ;, is at mostmin{(0 — ¢;) mod /4, (4 — 0) mod /; } + j;, we know that
min{(0 — 4;) mod Iy, (i1 — 0) mod [} + j; > t. Therefore the Lee distance betwegp;, andv, is at
mostl +b—t < [3¢]/2+ [2t] — 1 —t < L. Similarly, the Lee distance betweep ;, andv, is also
less thar. Therefore the Lee distance betwegny;, andv;, ;, is less thart, which is a contradiction. So a
t-interleaving cannot place an integer on more than two verticéétinconsecutive columns of the torus.

Any | 3t] consecutive columns of the x I, torus containg, x [2¢] > (3t —2) x (3t —1) = 3¢ — 3t +2
vertices, where each integer can be placed on at most two verticeg-bytaaleaving. Therefore the
interleaving number of the torus is at Ieastﬁ w2 —3t4+1= tQTHJrl—th?—%tJr% > | S|+ 15t —3t+3
= |S;| + ©(¢?), which matches the upper boutﬁi\ - O(tQ). Since heré, can beanyinteger that is no less
than L%tj, the upper bound is tight even if the number of columns (or equivalently, the number of rows) of

the torus approaches infinity. The first part of this theorem has been proved by now.

(2) Let’'s prove the second part of this theorem. In the previous part of this proof, a methed for
interleaving an; x [, torus has been proposed for the cass even and; > t, [, > t'. That method uses

205+ [B35202]) (4 + [=55244]) distinct integers. (Note thdt, = |4 ] andK, = |2 ].) When both, andl,

are of the ordef (), both K; and K, are of the order of2(t) — and therp (% + [12097) (£ 4 [Lgnodt]) —

2(t + O()(L + 0(1)) = £ + O(t) = || + O(t). Whent is odd, we cart-interleave an;, x I
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torus, wherd; = Q(t?) = Q((t + 1)?) andly, = Q(t*) = Q((t + 1)?), by (¢t + 1)-interleaving it using

|Se1| +O(t+1) = @ +0(t) = t%“l + O(t) = |S¢| + O(t) distinct integers. So no mattertifs even or

odd, when botti, andi, are of the ordef2(¢?), thet-interleaving number of ah x [, torus is|S;| + O(t).
O

VI. DISCUSSIONS

In this paper, we study theinterleaving problem for two-dimensional tori. The necessary and sufficient
conditions for tori that can be perfectlyinterleaved are proven, and the corresponding petfeterleaving
construction is presented, based on the method of sphere packing. The most important contribution of this
paper is to prove that for tori whose sizes are large in both dimensions, which constitute by far the majority
of all existing cases, theirinterleaving numbers are at most one more than the sphere packing lower bound.
Optimal t-interleaving constructions for such tori are presented, based on the method of removing-a-zig-
zag-row and tori-tiling. Then, some bounds on theterleaving numbers are shown. Those results together
give a general picture for theinterleaving problem for two-dimensional tori.

The importance of thé-interleaving method based on removing-a-zig-zag-row and tori-tiling is not lim-
ited to the results in Theorem 10 and Theorem 11. Those two theorems should be seen as a lower bound
for the performance of theinterleaving method. By analyzing the performance of the corresporeing
interleaving constructions more carefully, and furthermore, by keeping the main ideaeinteeleaving
method but tuning its specific parameters on a case-by-case basis, we can improve the bounds derived in
Theorem 10 and Theorem 11. The content of Appendix | can serve as an example in this aspect. What'’s
more, thet-interleaving method can be used to optimatipterleave some tori whose sizes do not fall within
the derived bounds.

We are interested in studying thenterleaving problem for higher-dimensional tori, as well as finding
moret-interleaving methods. Those remain as our future research.

APPENDIX |

The optimalt-interleaving construction for odd Construction 4.3, if applicable only when> 5. In
this subsection, we present the optimamhterleaving construction when= 3, thus completing the result
for t-interleaving on large tori while being odd. We also use this cases 3, as an example to show how
previous results can be improved if thanterleaving problem is analyzed case by case and more carefully.
We will show that wheri; > 20 andl, > 15 (or equivalently, wherd; > 15 andl, > 20), anl; x Iy
torus’ 3-interleaving number is either 5 or 6. (Note th&f| = 5.) Below we present an construction that
can optimally 3-interleaves arly x [, torus wherd; > 20 andl, > 15, except wher, = 19.

Construction 4.40ptimally 3-Interleave ah, x [, torus, wheré; > 20, [ > 15, andl, # 19.
1. If both/; andl, are multiples of 5, then thig x [, torus’ 3-interleaving number is5;| = 5. In this case,
3-interleave thé, x [, torus with 5 integers by using Construction 2.2.
If [; orly is not a multiple of 5, then use the following 3 steps to 3-interleavd;thel, torus with 6
integers.
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(& Modules

A B C

0[2]a4a]1|3 0|2|4|0|3|5|1]3 0|2|5|1|4|0|3|5]2|4|1|3
113]0]2]|5 113|5]2]4|0|2|5 113|0[2|5|1]|4|0|3|5|2|4
2/5|1(3]0 2l4]1|3|5|1|4]0 2|5[1|4|0|3|5|2|4]1]3]|0
40251 3/0[2]4]|0|3|5]1 4|o0|3|5|2|4|1]3]0|2]|5]|1
5/1(3[0]|2 5(1(3|5|2|4|0]2 5(1(4|0|3|5|2|4|1[3]0]|2
Al B’ c’

0[2]a|1|3 0|2|4]|0|3|5|1]3 o|2|5|1|4|0|3|5]2]|4|1|3
13| 2|®@ 113|540 |2|®@ 1/3|0|2|5|1|4|0|3|5|2]4
2|@|o|3]|5 214|@|2|5]1|®|5 2@ 11®|0|®@|5 @] 4@ 3|B
®|s5|1|®@)|o0 3/®|1]3|0|@]4]0 ®|5|@]4|®|3|@ 2B 1|@|o0
4l0|2]5(|1 @|o|2]4a|@|3|5]|1 4l0|3|5|2|4[1|3]|0]2|5]|1
5/1(3]0]|2 5(1(3|5|2|4|0]2 5/1(4|0|3|5|2|4|1]3]|0]|2
(b) Tiling of modules
o[2|4a|1|3)ol2|4]0|3|5]1|3)o|2|5]1]4a]0|3|5|2|4|1]3
113/o|2|5|1|3|5|2|4]0|2|5|1|3|0|2|5]|1]|4|0|3|5|2|4
2/5|1|3|o)2l4|1|3|5|1]|4a|0)2|5|1|4|0|3|5|2|4|1|3]|0
alo0|2|5|1]3|o|2|4a|0|3|5|1]4|0|3|5|2|4|1|3|0|2]|5]|1
5/1|3|0|2)5|1|3|5|2|4|0|2]5|1|4|0|3|5|2|4|1|3|0]2
o/2|a|1|3)ol2|4]0|3|5[1|3)o|2|5[1]a]|0[3|5|2|4|1]3
113|5]2|afl1|3|5|1|4]0|2|af1|3|0|2|5]1]4a|0|3|5|2]|4
2lalo|3|s)2|4lo|2|5|1|3|5)2|4|1|3|0|2|5|1|4|0|3]|5
3/5(1|4|0)3|5|1|3]|0|2|4a|0)3|5|2]4|1|3|0|2|5|1|4]0
alo0|2|5|1]4|0|2|a|1|3|5|1]4|0|3|5|2|4|1|3|0|2]|5]|1
5/1|3|0|2)5|1|3|5|2|4a|0|2]5|1|4|0|3|5|2|4|1|3|0]2

Fig. 13. Using Modules for 3-Interleaving (a) The 6 modules (b) Tiling the modules

2. Find non-negative integers andz, such that; = 5z, 4+ 6z,. Find non-negative integeis, v, and
y3 such thaty = 5y; + 8ys + 12y3.

3. There are 6 tori shown in Fig. 13(a)— anx 5 torus ‘A’, an 5 x 8 torus ‘B’, an 5 x 12 torus ‘C’, an
6 x 5torus ‘A”, an6 x 8 torus ‘B” and an6 x 12 torus ‘C"".

Get a5 x [, torus M; by tiling horizontallyy; copies of ‘A’, y, copies of B’ and y3 copies of "’
(whose order can be arbitrary).

Get a6 x I, torus M, by tiling horizontallyy, copies of ‘A", y, copies of B” and y; copies of U,
whose order needs to satisfy this rule: foe 1 to y; + y» + ys, if the i-th module-torus inV/; is an ‘A’
(respectively, aB’ or a ‘C"), then thei-th module in)M, is an ‘A” (respectively, aB” ora ‘C").

4. Get anl; x I, torus by tilingz; copies ofM; andxz, copies of M, vertically (whose order can be
arbitrary). The interleaving on the x [ torus is a 3-interleaving.
O

Example:We use Construction 4.4 to 3-interleavelarx [, torus wherd; = 11 andl, = 25. [; isnot a
multiple of | S;|, so the torus’ 3-interleaving number is greater than 5. Sinee5 + 6 andly = 5 + 8 + 12,
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0|2|4|1|3|5|1|3|0|2|4|0|2|5|1|3|5]|1]|4
1/3[0|2|4|0|2|5|1|3|5|1]|4|0|2|4|0[3]5
2|5[1|3|5|1|4|0|2|4|0|3|5|1|3|5|2[4]0
4|0|2|4|0|3|5[1|3|5|2|4|0|2|4]21|3|5]|1
5(1(3|5|2|4|0|2|4|1|3|5|1|3|0|2|4|0]|3

£
0/2/4|@|3|5|1|3|®|2|4]|0|2|@|1|3|5|1]4
1|3|®|1]|4]0|2|/@|0o|3|5|1|®|5|2]4|0|2]|5
2@|o|2|5|1|®@|5|1]4]|0|@]a]|0|3|5|@D|3]0

@|5|1(3|0|@|4|0|2|5|@|3|5]|1|4|@|2|4]1
4l0|2(4a|@|3|5[1|3|@|2|4|0|2|®|1|3]|5|®@
5(1|(3|5|2|4|l0[2]4|1|3|5|1|3|0[2]4|0]|3

Fig. 14. Two modules used for 3-Interleavinglanx 19 torus, wherd; > 20.

the variables in Construction 4.4 can be set as followys= 1, 2o = 1,y; = 1, o = 1 andys; = 1. And we
can let the torus//; have the form of ABC], and let the torus/, have the form of A’B’C’]. We then tile
A B C

r B . This 3-interleaved torus is shown

M, and M, to get thel; x [, torus, which is of the for

in Fig. 13(b). The interleaving used= |S;| + 1 integers.
A A A A

Clearly, sinceb = 5x54+8x0+412x0, another choice to tile thel x 25 torus is WA A A A

O

Construction 4.4 constructs a 3-interleavedl; torus by tiling copies of 6 module-tori — the 6 tori shown
in Fig. 13(a). It can be readily verified that when those 6 tori are tiled following the rule in Construction 4.4,
the resulting interleaving on the x [, torus is indeed a 3-interleaving. There are only a limited number of
cases to analyze for the verification, so we skip the details. We comment that Construction 4.4 does not work
for the casd, = 19, because 19 cannot be written as a linear combination of 5, 8 and 12 with non-negative
coefficients — therefore ah x 19 torus cannot be got by tiling the module-tori. We present the construction
for the caséd, = 19 below.

Construction 4.50ptimally 3-Interleave afy x 19 torus, wherd; > 20.

Construction:Find non-negative integers andz, such that; = 5x; + 6x,. There are 2 tori shown in
Fig. 14 — a5 x 19 torus F' and a6 x 19 torus F’. Get ani; x 19 torus by tilingz; copies of ' andx,
copies of F” vertically (whose order can be arbitrary). The resulting interleaving orthel9 torus is a
3-interleaving.

O

The correctness of Construction 4.5 can be easily verified, so we skip the details. Based on the previous
two constructions, we readily get the following conclusion for 3-interleaving.

Theorem 13:Whenl; > 20 andl, > 15, or whenl; > 15 andly > 20, anl; x I, torus’ 3-interleaving
number is eithefSs| or |S5| + 1.
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We comment that the result we got here is comparatively better than the result derived in Section IV. (For
example, if Theorem 10 is applied for the case 3, then the bound fol, would be 19. However here
our bound forl, is 15.) However, we should notice that thenterleaving method used here is the same as
the method used far > 3 per se (We can see that the module-tod’; * B’, * C” in Fig. 13(a) and F”
in Fig. 14 are got by removing a zigzag row from”, * B”, *C" and ‘F”. The zigzag rows are shown
in circles in those two figures. Both the interleaving method here and the method in Section IV are based
on torus tiling.) The improvement are made by better tuning of construction parameters and more careful
analysis of the bounds. The construction used fer3 does not follow all the requirements used in Section
IV. (For example, the zigzag row in Fig. 14 does not follow Rule 3.) In Section IV, while endeavoring to
optimally tune all the parameters, we also need to ensure that the construction will work for all the cases of
t > 3. If the interleaving problem is analyzed case by case (specifically, for each valug ahd/,), the
interleaving construction has room for further optimization.

APPENDIX I

In this appendix, we show how to optimallyinterleave large tori whehis even. The process is similar
to the case whereis odd, differing only in details. For this reason, we just present a succinct description of
the process and results. This appendix’s content is parallel to that of the first three subsections of Section IV,
so comparative reading should help the understanding greatly.
We assume is even throughout the remainder of this appendix. The definitiona afgzag rowand
‘removing a zigzag rolare the same as in Definition 4.1 and 4.2.
Let B be anl, x [, torus which ist-interleaved by Construction 3.1 utilizing the offset sequefice
‘s0,51, -+, S,—1". Let H be anl; x [, torus got by tiling several copies @&f vertically. Letm = % There
are four rules to follow for devising a zigzag row — denoted{lfy,, 0), (a1, 1), -, (ay,_1,lo — 1)} —in
H:
« Rule 1: Foranyj suchthat < j <[, — 1, ifthe integerss;, s(;4+1) mod s> * * - » S(j+m—1) mod 1, d0 NOt all
equalt — 1, thena; > a(j1m) moar, +m — 1.
« Rule 2: Forany suchthat < j < [,—1, if exactly one of the integers;, s(;+1) mod 1o * * * » S(j+m) mod iz
equalst, thena; < a¢jim+1) mod 1, — (M — 2).
« Rule 3: Foranyj suchthat < j <[, —1,if s; =t — 1, thena; < ag41)mods, — (2m — 2).
« Rule4: Foranyjsuchthat <j </l —1,2m—-2<a; <lj —1—(2m —2).

Lemma 8:Let B be a torug-interleaved by Construction 3.1. Lét be a torus got by tiling copies d?
vertically, and letl" be a torus got by removing a zigzag row#h where the zigzag row i follows the
four rules — Rule 1, Rule 2, Rule 3 and Rule 4. ebe a torus got by tiling copies @ andT vertically.
Then, bothl” andG aret-interleaved.

Now we present two constructions for finding a zigzag row, which are the counterparts of Construction 4.1
and 4.2. LetB be an/, x [, torus which ig-interleaved by Construction 3.1 utilizing the offset sequefice
“s0,51, -+, s1,—1 - Let H be an; x[, torus got by tilingz copies ofG vertically. We say the offset sequenge
consists op ‘ P’s andq ‘' Q's, wherep > 0 andg > 0. We require that irb, the ‘P’'s and ‘Q’s are interleaved
very evenly, and thaf starts with aP and ends with &). Letm = L. LetL = (2m —2) + (m — 1) Hi
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p > g, andletl = (2m—2)+(m—2)[1]+1if p < ¢. We require that; > ([Z] +1)m?+ (3 — [E])m—3
if p > ¢, and require thal, > ([1] + 1)ym? + (3 — [11)m — (2[1] + 1) if p < q. Below we present two
constructions for constructing a zigzag row, which is denotei(by, 0), (a1, 1), - -, (aj,—1,lo — 1)}, in H,

applicable respectively when> ¢ andp < q.

Construction 4.6: Constructing a zigzag rowih, whent is event > 2, andp > ¢ > 0
1. Lets,,, 54y, - -, Sa,., D€ the integers such that= z; < x5 < --- < w,44 = [ —m — 1, and each,,
(1 <i < p+q)isthefirst element of a® or ‘)’ in the offset sequencs.
Leta,, = L. Fori =2top+gq,if s,,_, is the first element of &', let a,, = L.
Fori =2top+ ¢, if s,,_, is the first element of a”, then leta,, = a,, , — (m —1).
2. Fori=2tomandforj =1top+q,leta,, i1 = az;4i2+L—m+ 1.
3. Letsy,, sy, -, s, be the integers such that <y, < --- <y, =1l —1,and each,, (1 <i<q)is
the last element of &)’ in the offset sequencs.
Fori=1toq,a, =L+ (m—1)(L—m+1)+ (m—1).
Now we have fully determined the zigzag roffao, 0), (a1, 1), - - -, (ai,—1,l2 — 1)}, in the torusH.
O

Construction 4.7: Constructing a zigzag rowkih, whent is event > 2, and0 < p < g
1. Lets,,, 84y, -+ 54, DE the integers such that= 7y < 25 <--- < 244 = [ —m — 1, and eacly,,
(1 <i < p+q)isthefirst element of a® or ‘)’ in the offset sequencs.
Leta,, = L. Fori = 2top + ¢, if s,, is the first element of a”’, then leta,, = L; if s,, , is the first

element of aF’, then leta,, = L — [1](m — 2) — 1; otherwise, let,, = a,, , + (m — 2).
2. Fori=2tomandforj =1top+gq,leta, i1 = az,4i20+L—m+1,
3. Letsy,, sy,, - -+, 5, be the integers such that < y, < --- <y, = [ — 1, and eachs,, is the last

element of a@)’ in the offset sequencs.
Fori=1togq,a,, = ay,_1 +L—m+ 1.
Now we have fully determined the zigzag rofWay, 0), (a1, 1), -, (a,—1,l2 — 1)}, in the torusH.
O

Theorem 14.The zigzag rows constructed by Construction 4.6 and Construction 4.7 follow all the four
rules — Rule 1, Rule 2, Rule 3 and Rule 4.

Lemma 9:In Equation Set (2) (which is in Construction 3.1), let the values af andl, be fixed. Let
‘p = po, q = qo’ be a solution that satisfies the Equation Set (2). Then, another solutiernpi, g = ¢,” also
satisfies the Equation Set (2) if and only if there exists an integech thap, = po+c(m+1)(2m?+1) >0
andg, = qo — em(2m? +1) > 0.

Lemma 10:In Equation Set (2) (which is in Construction 3.1), let the values ot and!/; be fixed. Let
Ap = (m+1)(2m* 4+ 1) andAg = m(2m? + 1). If there exists a solution gf andq that satisfies the
Equation Set (2), then there exists a solutipa= p*, g = ¢*’ that satisfies not only the Equation set (2) but
also one of the following two inequalities:

I, Ag ) Ap

omi1l 2 TSP S5 T )
I A I A
i R e (6)

2m +1 2 2m +1 2
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Theorem 111 et be a positive even integer. Let = £. DefineA as

o 25+ (m+1)(2m+1)(2m2+1) 2 212+ (m+1)(2m+1)(2m2+1)
A e ey | O ey D
m(2m m 2 m(2m m
(|_2l2—2(m+1)(2m+1)(2m2+1)-I + m” + (3 B |_2l2—2(m+1)(2m+1)(2m2+1)
_2[ 2lp+m(2m+1)(2m2+1) ”
2l —(m+1)(2m+1)(2m2+1)

Dm —

. Then when
(m+1)(2m+1)(2m?* 4+ 1)
lg >
2
and
> 2 2 _ )
I > 2m ([2m2 lem 1) -2

, anly x Iy (or equivalently], x [;) torus’t-interleaving number is eithes,| or | S| + 1.

We skip the specific construction of optimalyinterleaving large tori here, because of its similarity to
Construction 4.3. But we present its sketch. Basically, if the torus can be perfectérieaved, then it can
be optimallyt-interleaved using Construction 2.2; if the torus cannot be perfegtiterleaved and > 4,
then it can be optimally-interleaved using the tori-tiling method. The only remaining case is ‘the torus
cannot be perfectly-interleaved and = 2’. In that case, we can optimallyfinterleave the torus (say it is
anl; x [, torus) usingS;| + 1 = 3 distinct integers in the following way: interleave a ringlpf/ertices and
a ring of [, vertices using 3 integers — 0, 1 and 2 — such that no two adjacent vertices in those two rings
are assigned the same integer; fet 1,2, ---,[; (respectively, for = 1,2,---,1y), usel(i) (respectively,
useJ(i)) to denote the integer assigned to thilh vertex in the ring of; (respectively/l,) vertices; for
i=20,1,---,4 —1landj = 0,1,---,l, — 1, label the vertexi, j) in the l; x I, torus with the integer
(I(i+1)+ J(j+1)) mod 3— and then the torus is optimally 2-interleaved.
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