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Abstract- A construction for D-dimensional binary codes of
size ni x n2 x... xnD correcting a single D-dimensional box error
is presented. If the size of the box error is b1 x b2 x... x bD, bi odd,
1 < i < D, and B = I-IDIbi, then the redundancy of the code is
at most F1log2(nlrn2 ... D)]+B+ (D -2) 1log2B] + 1log2bi]. For
a two-dimensional binary array of size n x n we present a code
correcting an error whose shape is a Lee sphere with radius R.
The redundancy of the code is at most 1log2n2] + 2R2 + 2R +
21og2 (2R+ 1)] + 1. This is also the redundancy of a binary code
which corrects an arbitrary two-dimensional cluster-error of size
2R + 1. A generalization for D-dimensional code which corrects
either D-dimensional error whose shape is a Lee sphere or an
arbitrary cluster-error is also given.

I. INTRODUCTION

In current memory devices for advanced storage systems
the information is stored in two or more dimensions. In
such systems errors usually take the form of multidimensional
bursts. Usually, a cluster of errors either will be affected by
the position in which the error event occurred or will be of
an arbitrary shape. But, since an arbitrary cluster-error is hard
to correct efficiently it is common to assume some type of
cluster-error. These types of errors can be of specific shapes
like rectangles or Lee spheres. We will consider these types
of errors as well as arbitrary errors. The main measure to
compute the efficiency of a cluster-error correcting code is
its redundancy. If we want to design a code which corrects
one cluster-error of size B (of an arbitrary or a specific
shape) then the redundancy of the code r satisfies r > 2B.
This bound, known as the Reiger bound [11], is attained for
binary two-dimensional codes, which correct a rectangular
error, constructed recently by Boyarinov [6]. If the volume
of the array is N then the redundancy of a code must also
satisfy r > log2N + B -1 (usually r-log2N] > B). The
difference r-log2N] will be called the excess redundancy of
the code [1], [4]. Abdel-Ghaffar [1] constructed a binary two-
dimensional code which corrects a burst with a rectangle shape
for which r = 1log2N] +B. The code has a few disadvantages:
very limited size, complicated construction, and there is no
obvious generalization for higher dimensions.

In this paper we establish the following results:
1) A construction for two-dimensional codes which correct

a cluster-error whose shape is a rectangle of size b, x b2,
with excess redundancy at most b1b2 + 1log2b,] and the
size of the code is relatively not limited. The construc-
tion has a simple generalization for higher dimensions.
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2) An efficient construction for multidimensional codes
which correct a cluster error whose shape is a Lee sphere
or an arbitrary shape.

In Section II we briefly survey some of the known con-
structions which are essential to understand our results. In
Section III we present a construction for codes which cor-
rect a multidimensional box error. In Section IV we discuss
correction of a multidimensional Lee spheres and arbitrary
errors.

II. KNOWN CONSTRUCTIONS

Most of two-dimensional codes known in the literature are
designed to correct a single cluster-error of size b, x b2 [1],
[4], [6], [7], [10]. In some recent papers [5], [8], [12] it is
assumed that the cluster-error can have an arbitrary shape. Two
of these constructions are important in our discussion. Abdel-
Ghaffar [1] gave a construction of such n, x n2 code with
excess redundancy b1b2. His construction is a generalization
of the optimum one-dimensional codes which correct a single
cyclic burst of length b [2], [3]. The existence of such
codes was obtained by the following necessary and sufficient
conditions.

Theorem 1: If a polynomial g(x) generates an optimum b-
burst-correcting code over GF(q), then it can be factored as
g(x) = e(x)p(x), where e(x) and p(x) satisfy the conditions:

1) e(x) is a square-free polynomial of degree b -1 which
is not divisible by x such that he and me are relatively
primes to q -1, where he and me are the period and
the degree of the splitting field of e(x), respectively.

2) p(x) is an irreducible polynomial of degree m > b + 1
and period q 1 such that m and q -1 are relativelyql1
primes and m _ 0 (mod me).

A monic polynomial over GF(q) which satisfies condition 1)
of Theorem 1 will be called a b-polynomial.

Theorem 2: Let e(x) be a b-polynomial over GF(q). Then,
for all sufficiently large m relatively prime to q -1 such that
m _ 0 (mod me), where me is the degree of the splitting
field of e(x), there exists an irreducible polynomial p(x) of
degree m such that e(x)pQx) generates an optimum b-burst
correcting code of length qq -1 .

Breitbach, Bossert, Zybalov, and Sidorenko [7] gave three
constructions of two-dimensional codes of size n, x n2 which
correct rectangular error of size b1 x b2. We use ideas from one
of the constructions which will be called Construction BBZS.
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A codeword {cij} of the construction has size ni x n2 =

2b2 x 2b1 with 4b1b2 redundancy bits located in positions
{(i, j) O< i < 2b -1, n2 -b2 < j< 1}U{(i, j):
ni -b < i < ni-1,< j < 2b2 -1} (see Fig. 1). These
bits are set initially to be zeroes. Two temporary component
codes are being used, a vertical code and an horizontal code.
We will describe the construction of the vertical code.

For each row i= 2b1, . . , n -1, b2 parity check bits are
generated. Pim, m 0,1, . . . , b2 -1 is computed as

Pim S cij.
j=m,m+b2T,m+2b2,...

The parity bits Pim, m 0,1, ... , b2 -1 generate afterward
a symbol pi = (Pio,PPi , ,Pib2 -) from the extension field
GF(2b2). The symbols Pi, i = 2bl,. , n -1 are considered
as the information symbols of a Reed-Solomon (RS) code
of length nl, dimension n -2bj, and minimum distance
d = 2b, + 1. By the encoding process of the RS code we
obtain 2b, redundancy symbols pi, = 0, . . . , 2b -1, and
the 2blb2 upper right corner redundancy bits of the array are
computed in a way that (1) holds for m = 0, 1,... , b2 -1,
and i = 0,1, ... , 2b, - 1. The encoding process of the
horizontal code is done in the same manner, where all the
4blb2 redundancy bits of the array are assumed to be zeroes.
In the decoding process each row generates b2 parity bits
according to (1) such that a word of length n, over GF(2b2)
is received (the redundancy bits of the horizontal code are
assumed to be zeroes). Assuming that the error occurred in the
array can be confined inside a rectangular of size b, x b2, the
generated word, of the vertical code, has at most b, erroneous
symbols, which can be corrected by the decoding procedure
of the RS code. The same process is implemented for the
horizontal code, and given the combination of errors by the
vertical and the horizontal codes it is possible to correct the
rectangular error in the array.

redundancy redundancy
symbols symbols

information symbols for vertical of RS code
of a codeword code

PiO Pib,-1 P.

information
symbols
of RS code

redundancy symbols
for horizontal code

Fig. 1. Construction BBZS

There is no obvious generalization to the construction of
Abdel-Ghaffar [1] for multidimensional codes, while imme-
diate generalizations to Construction BBZS cannot support
good redundancy or excess redundancy. One way to generalize
this construction is to use the optimum cyclic burst-correcting

codes of [2], [3] instead of the RS codes. Instead of 4blb2
redundancy bits we will use rlb2+blr2 redundancy bits, where
rl (r2) is the redundancy of the vertical (horizontal) code. The
excess redundancy of this construction is 2blb2 -1 and of its
generalization to D-dimensions is DB- 1, where B is the
volume of the D-dimensional box error. Further improvement
of this construction is presented in the next section.

III. CONSTRUCTION FOR MULTIDIMENSIONAL ARRAYS

The vertical component code of Construction BBZS finds
the rows in which the burst occurred and the shape of the burst
up to a cyclic permutation of the columns. Therefore, the hor-
izontal component code only has to determine the first column
of the burst. More explicitly, the burst e = (eO, e,*1*..., eb2 i),
where ei C GF(2b1), for 0 < i < b2 -1 found by the vertical
code, can start at any column 0 < i < n2 -b2. However,
if the first column of the burst is i, then the burst occurred
is e = (eC,ieo±io+, . . ., eio+b2 -1) where io i(mod b2), and
indices are taken modulo b2.
Our new construction is based on two lemmas. The first

one is proved here only for the binary case, but there is an
alternative version for codes over GF(2t).
Lemma 1: Ife2(X) = 1 + X + x2 +... +Xb- and b is an

odd integer then e2(x) is a b-polynomial over GF(2).
Proof: Clearly, e2 (X) is not divisible by x. The derivative

of xb -1 over GF(2) is Xb 1, and since g.c.d.(Xb-1, Xb 1) =
1, it follows that xb -1 is a square-free polynomial and hence
e2(X) is also square-free. U
By Theorem 2, for the b2-polynomial e2(x) = 1 + x +

2 +. + xb2-1, over GF(2b,), there exists an irreducible
polynomial P2(x) of degree m2 = r2 -b2 + 1 such that
e2(x)p2(x) generates an optimum b2-burst correcting code of
length n2 = (2bl)T2 -1 and redundancy r2. Let C* {f(x) E

GF(2b1 ) [X] :e2(X)P2 (X) f (x), deg f (x) < n2}, and let
C2 = {f(X) C GF (2bi) [X] : P2 (X) f(x), deg f (x) < n2 }I.
The code C2 is also of length n2 and has m2 redundancy
symbols over GF(2b1). We will show now that C2 can serve as
the horizontal component code, i.e., given the burst occurred
up to a cyclic permutation e = (eO, e,... , eb2 ), where
ei C GF (2bi), for 0 < i < b2 -1, it will be possible to
determine the first column i of the burst 0 < i < n2 -b2.
Lemma 2: Let e = (eO -eI,... , eb2 I) be a given burst

up to a cyclic permutation which occurred in a transmitted
codeword and found by the vertical component code. Then, the
horizontal component code C2 can determine the first column
of the given burst.

Proof: We have to prove that if the burst c, or a cyclic
shift of e, occurred in two different codewords fi (x), f2 (x)
then two different words will be generated. Since C2 is a linear
code it is sufficient to prove that there is no codeword which is
equal to the difference of two bursts which are cyclic shifts of
the burst e. Assume the first column of the burst e is i, i.e., the
burst is e' = (eCio ei±io.+ .., eio+b2 -) where io i(mod b2)
and indices are taken modulo b2. The polynomial representing
the burst is
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hi (x) xib2 (e .xio + ei0±lxio+l + .*.*+ eb2 Xb2 -1 +
OXb2 + elXb2+1 + . . . + ei _lzb2+iO-l

where io -i(mod b2), and i=L= i . We can write hi(x) as

hi(x) = xb2(eO +elX+ **+eb2 lXb2-1 + eo(xb2 )+

el (xb2+l x) + + ei 1 (xb2+io-1 Xio-1))
xfib2 (eO + xlX + + xb2- b2 +

(Xb2- 1) (eo + elX + ...+ eiolxio 1))
xfib2 (eO + elX + * +eb2 xb2 1)

+xf b2 (Xb2 -1) (eO + elX + .*.*+ eio-l io 1)

Assume the contrary, that the difference between two bursts
which are cyclic shifts of the burst e is a codeword. Assume
that these two bursts start at columns i and j. Hence, the
polynomial hi(x) -hj(x) is the codeword

h (x) h (x) x=ib2 (eO + elX + * * * + eb2 1b2 1) +
St b2 (Xb2 1) (eO + elX + .*.*+ eio-0 io 1)
Xejb2 (eO + elX + * * * + eb2- xb2 )
xSjb2 (Xb2 1) (eO + elX + * * * + ej _lix0-l)

i.e., hi(x) -hj(x) is a multiple of P2(x). hi(x) -hj(x) can
be written as

hi(x) -hj(x) = (xfib2 -xfjb2)

(eo+ elX + * * * +eb2-l b2-1) +

(Xb2 -1) (XCb2 (eo + e1X + . . . + eCO_lXiO- 1)

-x lj2 (eO + e1x + * * * + ejolio 1) )
xfjb2 (X(fi-£j)b2 - 1) (eO + elX + * * * + eb2-1X

(Xb2 _1) (Xlib2 (eo + e1X + . . . + eiO_XiO°
x fjb2 (eO + ex + * * * + ejol io 1) ).

7b2 -

1)

This last presentation of hi(x) -hj (x) implies that it is divid-
able by xb2 1 and hence also by e2 (x) X2 . Therefore,
if hi(x)-hj (x) is a codeword in C2 then P2 (x) hi (x)-hj (x)
and also e2 (X) hi (x) -hj (x). Since P2 (X) is an irreducible
polynomial and its degree is greater than b2 it follows that
e2 (x)P2 (X) hi (x) -hj (x) and therefore hi (x) -hj (x) is also
a codeword of C*, a contradiction since C* can correct any
burst of length b2 U
We will call a code with the properties of C2 as proved in
Lemma 2 a locator code. Based on the constructions of [3],
[7] and Lemma 2 we can construct an n1 x n2 two-dimensional
b, x b2-burst correcting code with small excess redundancy.

Let C1 be an optimum b1-burst correcting code, over
GF(2b2) of length n1 = (2b2)2b1-1 and redundancy rl.
Let C2 be a locator code, over GF(2b,), of length n22
(2bli) 2 -1

2b, 1- and redundancy M2 = r2 -b2 + 1. Each codeword
of size n, xn2 has r1b2+Tn2b1+1 = log2(nin2)]+blb2+b
redundancy bits in the following positions:

* {(i,j) < < r -, n2- b2 < < n2- 1}bits
for the vertical component code.

{(i(2b -1) +j(2b -1)b, j)bOi < i < b -1, 0 <
j < 2 11} bits for the horizontal component code.

* {(n- 1,n22-1)}.
Encoding:

All the redundancy bits in a codeword are set initially to
be zeroes. The vertical component code and the first set of
redundancy bits are computed as in Construction BBZS. The
second set of redundancy bits spans over M2 consecutive
columns. In each column there are bi redundancy bits in bi
positions which cover all the b, distinct residues modulo bl.
We compute n2 -m2 symbols of the horizontal component
code as in Construction BBZS, with one exception that the
r, b2 redundancy bits of the first set are assumed to be the
computed values in the previous step (they were assumed to
be zeroes in Construction BBZS). The remaining M2 symbols
are the redundancy symbols of the horizontal locator code and
are computed from the n2 -M2 information symbols. The only
redundancy bit of the third set is the sum of the computed
parity bits from the second set.
Decoding:
The decoding is done similarly to the one of Construction

BBZS. We will describe the unique parts of our decoding. The
vertical code does not find erroneous redundancy bits from
the second and the third sets. These bits are spaced in a way
that at most one such bit is in error. If such bit is erroneous
then from rows of the error-cluster, discovered by the vertical
code, we will know the exact row of this bit. In the decoding
procedure we will know if such redundancy bit is erroneous
by the value of bit {(n-1,1n2 -1)}. Now, by Lemma 2
the horizontal locator code will discover the first column in
which an error occurred, and hence the pattern discovered by
the vertical component code enables us to correct the errors.
If only redundancy bits of the second set or the third set
are erroneous (the vertical code does not find errors) then
only one of them can be erroneous. This implies that in the
computed codeword of the locator code only one symbol can
be erroneous. It is also obvious by definition, that the locator
code is the Hamming code and hence it can correct this error
which implies that the redundancy bit in error can be corrected.
Remark: The parity bits of the second set can be chosen in
other ways as long as they form a set of redundancy symbols
for the locator code., e.g., they don't have to be in consecutive
columns. Such choices can result in other array sizes.
The redundancy of the construction can be further improved

if we use as the horizontal locator code a binary code C of
length 2m 1, where m = r- b1b2 + 1, which locates a burst
of length b1b2, bhb2 odd and e2(X) = 1 + X + ... + blb2 -1.
This is done simply by taking the b, parity symbols which
are computed for each column as b, consecutive symbols in
C instead of an element in GF(2b1). We also have to change
the second set of redundancy bits. One possible such set is

{(i2b - 1) + j(2b, - )bl,j) 0 < i' < bi -1,( +
1)bj + i+ 1<Kni}.

Note that the parity bits related to these m redundancy bits are
m consecutive bits in the binary locator code. The redundancy
of the new code is at most Flog2(n1n2)] + b1b2 + Flog2b1.
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The construction is generalized to obtain a D-dimensional
code of size n, x n2 x ... x nD which corrects a cluster-
error whose shape is a box of size b, x b2 x ... x bD. Let
B = b1b2 ... bD; in the first dimension we use a code of
length n, over GF(2bl ) which corrects a burst error of size
bl. In each of the other D -1 dimensions we use a locator
code which locates the position of the error and its cyclic
permutation in the corresponding direction. In dimension i,
2 < i < D, we use a locator code of length ni over GF(2 bi)
which locates the position of a burst of length bi. The code of
the first dimension finds the position of the error in the first
dimension and the shape of the error, with a possible shift in
each of the other D -1 dimensions. The code in dimension i,
2 < i < D, finds the location of the position where the burst
starts in dimension i. After each code discovers the position
where the error starts in its dimension (note, that this can be
done in parallel), we have the corresponding shift in the box
error found by the first code and the error can be corrected.
As before, we can use in dimension i, 2 < i < D, a binary
code which locates the position of a burst of length B in
dimension i. The result is a code with redundancy at most

Flog2(n1n2 ... nD)l + B + (D -2) 1log2B] + 1log2b,].
When B is even we have to modify our method in order

to obtain similar results. The modifications include binary
component codes in all dimensions, all the locator codes locate
the position of a cyclic burst of size B + 1, and we use
colorings similar to the ones used in the next section.

Finally, we would like to mention that a generalization for
codes over GF(q) is straightforward.

IV. LEE SPHERES CLUSTER ERRORS

An error event at a position (ii, i2, ...., D) can affect
other positions. Assume that the error event can be spread
up to radius R. Then any position (j,j2,... , JD) such that

D 1 J ie < R might be erroneous. The set of positions
{(j,j2, .. ,jD) f=1 Jt-i < R} forms a D-
dimensional Lee sphere with radius R [5], [9]. The size of such
sphere is Ziin%D,R} 2' (D) (R) [9]. The idea we are going to
use is to transform the surface into another surface in such a
way that a Lee sphere in one surface will be transformed into
a box in the second surface. After that we will be able to use
the encoding and decoding introduced in Section III. We start
with the two-dimensional transformation.
Lemma 3: Let M, M* be infinite two-dimensional surfaces

and let T be the transformation from M into M* defined by
T (ij, i2) =(F i1+i2] i2 -l). Then a Lee sphere with radius
R in the surface M is located after the transformation T inside
a rectangle of size (R + 1) x (2R + 1) in M

Proof: A Lee sphere of radius R with center at
(i2,i/) in the surface M includes the set of positions
BR(i/,i/) = {(i'1i2) <ii + i2 i'2 K R}
{(i1+RR,i +Rj) : Rj, +lRjl < R}. BR(ii,it) is
transformed by T into the set of positions BR (tl =2

{(i/+Ri+il+Rj1i R-'R):Ii Rl<R
{ (K. Denot i /

i+ K R)RRj +iR2* <iR
of M*. Denote, K/ 1 R]1 i~ t1 R, an

we have that BR (i1, i2) is located inside the rectangle
{(1 + i1,i'* +i2) O < i1 < R, i2 < 2R}. i
The transformation T transforms a parallelogram into a

rectangle (see Fig. 2 and 3) and hence we will need some
adjustment in our encoding and decoding procedures if we
want to correct Lee sphere clusters in a rectangular array rather
than a parallelogram.
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Fig. 2. Positions in the parallelogram
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2,2 1,2 1,3 0,3 0,4 -1,4 -1,5 -2,5 -2,6 -3,6
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4,4 3,4 3,5 2,5 2,6 1,6 1,7 0,7 0,8 -1,8
5,5 4,5 4,6 3,6 3,7 2,7 2,8 1,8 1,9 0,9

6,6 5,6 5,7 4,7 4,8 3,8 3,9 2,9 2,101,10

7 7 769 i9 i 4 04 In1nr11 11

4,13

5, 13

/, , / ,O 0,J'1J!) + ,!I1+ 91Ui u ,1 1 1 "I1

8,8 7,8 7,9 6,9 6,10 5,10 5,11 4,11 4,12 3,12

9,9 8,9 8,10 7,10 7,1 1 6,1 1 6,12 5,12 5,13 4,13

Fig. 3. Transformation to rectangle

The construction is generalized to D dimensions. The
transformation T will work between two D-dimensional
surfaces. For each entry (i1, i2, .. ., i) in the D-
dimensional surface M, T (K, i2,.. , i) (if, i, .'. ., D
where ifT = il+i21 iT F

T -il+i2+i3 T

1)j+ i±( 1)ji2+± - 1±ij-I++i±ij+1 for I < < D land
iT = f= 1j( )D ii. We invoke first the two-dimensional
transformation on the first two coordinates, then on the
second and the third coordinates and so on.
Lemma 4: Let M be an infinite D-dimensional surface.

Then a Lee sphere with radius R in the surface M is located
after the transformation T inside a D-dimensional box of size
(R+ 1) x (R+ 1) x ...x (R+ 1) x(2R+ 1) in M.

D -1 times
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As a consequence of this transformation we can use the
construction of Section III for correction of D-dimensional
box error. If we assume that our codewords are D-dimensional
arrays rather than D-dimensional parallelograms we can use

an array located inside the parallelogram. The redundancy will
be increased by less than (D + 1)log2D -D + 1 bits.
An improvement for two dimensions is done by using the

following construction. Lee spheres with radius R are used to
tile the two-dimensional surface. Such tiling is given in [5],
[9]. In each diagonal direction we have strips of Lee spheres.
We color (with integers 0,1,2, and so on) the positions of
the array in a way that in one of the diagonal directions all
relative positions of the Lee spheres in the same strip have the
same number; and in the other direction they are congruent
modulo b = 2R2 + 2R + 1 which is the size of a sphere
(see Fig. 4). Another property is that the b numbers in a

Lee sphere are consecutive integers. Such coloring is obtained
by assigning the color (R + 1)i, + Ri2 to position (i1, i2),
0 < i1, i2 < n- 1. For each diagonal direction we choose
a binary component code. For one diagonal we choose an

optimum b*-burst-correcting code. The k-th bit of a codeword
in this code is the parity of all positions with color number
k. For the other diagonal direction we choose a locator code
which locates the position of a burst (or its cyclic shift) of
length bV. The codewords of this code are encoded similarly
to the ones in Section III. Appropriate redundancy bits are

chosen similarly to the constructions in Section III. If the code
has size n x n then its redundancy is at most 1log2n2] + b* +
21og2(2R + 1)] and if each codeword is a rhombus of size
n2 then the redundancy is at most 1log2n2] + b + 1log2b*1.

145

2

47]

<-~~~~c K 16 18 2C 21 6

151 55 57 59 611 F631 65 67 71I 73 75

LwI

Fig. 4. Coloring of tiling

A similar idea can be used for D-dimensional code of size
nxx ..x.** x n correcting Lee sphere error with radius one. We
use D components codes, each one is an optimum (2D + 1)-
burst-correcting code of length n* = 1 + D(D±+) (n- 1). Each

. 8 114

code uses a different coloring of the array. For a position
(i1,i2,. .,iD), 0 < i <K n -1, 1 < f < D, for the k-th
coloring, 1 < k < D, we assign the color . +k _ ,

where indices are residues modulo D between 1 and D.
Again, for each coloring, all the numbers in a Lee sphere
are consecutive integers. Bit s of the k-th component code
is a parity bit for all the bits colored with the integer s, by
the k-th coloring, in the D-dimensional codeword. Note that
each color in each coloring forms a perfect code [9] when
we consider the coloring in ZD and not just in the array. The
excess redundancy in this case is quadratic in D, compared to
exponential in D if we use the transformation T and the code
which corrects D-dimensional box error. Further improvement
can be made if we use for some dimensions locator codes
instead of optimum (2D + 1)-burst-correcting codes.

Finally, we want to design a code which corrects an

arbitrary D-dimensional cluster-error of size b. If b is odd
then the cluster is located inside a Lee sphere with radius
b2 . If b = 2R then after applying the transformation T
the cluster is located inside a D-dimensional box of size
(R + 1) x x (R + 1) x (2R). For a two-dimensional clus-

D-1 times
ter we can use the same tiling as for Lee spheres with
radius R b If b = 3 and D > 3 then we can use the

2

codes based on correction of Lee spheres errors with radius
one. These ideas are improved by using bursts with limited
weight. Also, some improvements in the redundancies of some
of the constructions are made by using some more ideas.
These results and complete description of some of the briefly
mentioned ideas will appear in the full version of this paper.
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