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Coding for the Lee and Manhattan Metrics
With Weighing Matrices
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Abstract—This paper has two goals. The first one is to discuss
two related packing problems in the Lee and Manhattan metrics.
One is to find good codes for error-correction (i.e., packings
of Lee spheres) and the other is to transform the space in a
way that volumes are preserved and each Lee sphere (or scaled
cross-polytope) will be transformed into a shape inscribed in a
small cube. The second goal is to consider weighing matrices for
some of these coding problems. Weighing matrices have been used
as building blocks for codes in the Hamming metric in various
constructions. In this paper, we will consider mainly two types of
weighing matrices, namely conference matrices and Hadamard
matrices, to construct codes in the Lee (and Manhattan) metric.
We will show that these matrices have some desirable properties
when considered as generator matrices for codes in these metrics.

Index Terms—Conference matrices, cross-polytopes, Hadamard
matrices, Lee metric, Lee spheres, Manhattan metric, space trans-
formation, weighing matrices.

I. INTRODUCTION

T HE Lee metric was introduced in [22] and [33]
for transmission of signals taken from GF( ) over

certain noisy channels. It was generalized for in
[16]. The Lee distance between two words

, is given by

.
A related metric, the Manhattan metric, is defined for
alphabet letters taken from the integers. For two words

, the Man-
hattan distance between and , , is defined as

. A code in either metric has min-
imum distance if for each two distinct codewords
we have , where stands for either the Lee
distance or the Manhattan distance.
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The main goal of this paper is to explore the properties of
some interesting codes in the Lee and Manhattan metrics. Two
related packing problems will be considered. The first one is
to find good codes for error-correction (i.e., packings of Lee
spheres) in the Lee and Manhattan metrics. The second one is
to transform the space in such a way that volumes of shapes are
preserved and each Lee sphere (or scaled cross-polytope) in the
space will be transformed to a shape inscribed in a small cube.
Some interesting connections between these two problems will
be revealed in this paper.
An -dimensional Lee sphere with radius , , is

the shape centered at consisting of all the points
which satisfy

Similarly, an -dimensional scaled cross-polytope with
radius , , is the set consisting of all the points

which satisfy the equation

We note that our definition of a scaled cross-polytope is slightly
different from the usual definition of a cross-polytope since we
wanted it to be akin to a Lee sphere. For every Lee sphere

the scaled cross-polytope can be viewed also as
the convex hull of the integer points of at distance
in exactly one dimension from the center of .
A Lee sphere centered at a point
contains all the points of whose Manhattan distance from

is at most . The size of is well known [16]:

Similarly, we define a scaled cross-polytope centered
at a point . A code with minimum
distance (or ) is a packing of Lee
spheres with radius , where the Lee spheres are centered at the
codewords. Asymptotically, the size of an -dimensional Lee
sphere with radius is , when is fixed and

. The volume of an -dimensional scaled cross-poly-
tope with radius is .
The research on codes in the Manhattan metric is not exten-

sive. It is mostly concerned with the existence and nonexistence
of perfect codes [4], [16], [19], [27]. Nevertheless, all codes de-
fined in the Lee metric over some finite alphabet (subsets of )
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can be extended to codes in the Manhattan metric over the inte-
gers (subsets of ). The literature on codes in the Lee metric is
very extensive, e.g., [5], [10], [16], [25], [26], [29], [30]. Most
of the interest at the beginning was in the existence of perfect
codes in these metrics. The interest in Lee codes increased in the
last decade due to many new applications of these codes. Some
examples are constrained and partial-response channels [29],
interleaving schemes [6], orthogonal frequency-division multi-
plexing [31], multidimensional burst-error-correction [14], and
error-correction in the rank modulation scheme for flash mem-
ories [20]. The increased interest is also due to new attempts to
settle the existence question of perfect codes in these metrics
[19].
Linear codes are usually the codes which can be handled

more effectively and hence we will consider only linear codes
throughout this paper.
A linear code in is an integer lattice. A lattice is a dis-

crete, additive subgroup of the real -space ,

(1)

where is a set of linearly independent vectors
in . A lattice defined by (1) is a sublattice of if and
only if . We will be interested solely in
sublattices of . The vectors are called basis for

, and the matrix

...
...

. . .
...

having these vectors as its rows is said to be a generator matrix
for . The lattice with generator matrix is denoted by .
The volume of a lattice , denoted , is inversely propor-

tional to the number of lattice points per unit volume. More pre-
cisely, may be defined as the volume of the fundamental
parallelogram , which is given by

There is a simple expression for the volume of , namely,
. An excellent reference, for more material on

lattices and some comparison with our results, is [12].
Sublattices of are periodic. We say that the lattice has

period if for each , , the
point is a lattice point in if and only if

. Let be the least
common multiple of the integers . The lattice
has also period and it can be reduced to a code
in the Lee metric over the alphabet . In this case, we also

say that the period of is . It is easy to verify that the size of
the code is . The minimum distance of is at least as
the minimum distance of , but it can be larger (for example,
most binary codes of length can be reduced from a sublattice
of , where their Manhattan distance is at most 2). (This is the
inverse of Construction A [12, p. 137].)

One should note that if the lattice in the Manhattan metric
is reduced to a code over , prime, in the Lee metric, then the
code is over a finite field. But, usually the code in the Lee metric
is over a ring which is not a field. It makes its behavior slightly
different from a code over a finite field. Codes over rings were
extensively studied in the last 20 years, see e.g., [3], [8], [9],
[18], and references therein. In our discussion, a few concepts
are important, and for codes over these are essentially the
same as the ones in traditional codes over a finite field. For ex-
ample, theminimum distance of the code is the smallest distance
between two codewords. The minimum distance is equal to the
weight of the word with minimum Manhattan (Lee) weight.
The definition of a coset for a lattice is very simple. Let

be a sublattice of and . The coset of is
. For each coset, we choose a coset leader, which

is a point in the coset with minimumManhattan weight. If there
are a few points with the same minimum Manhattan weight we
choose one of them (arbitrarily) as the coset leader. Once a set
of coset leaders is chosen then each point has a unique
representation as , where is a lattice point of and
is a coset leader. The number of different cosets is equal to the
volume of the lattice . In this context, the covering radius of
a lattice (respectively, a code ) is the largest distance of a
word in the space from its closest lattice point (respectively,
codeword). It equals to the weight of the coset leader with the
largest weight. The covering radius of a lattice is the same as
the covering radius of the code reduced from to a code over
, where is the period of .
Aweighing matrix of order and weight is an ma-

trix over the alphabet such that each row and each
column has exactly nonzero entries, and ,
where is the identity matrix of order . The most impor-
tant families of weighing matrices are the Hadamard matrices in
which , and the conference matrices in which .
In most of the results in this paper these families are consid-
ered (usually more Hadamard matrices than conference ma-
trices). Our constructions in Section IV will use weighing ma-
trices with some symmetry. A weighing matrix is symmetric
if and skew symmetric if .1 In our dis-
cussion which follows of special interest are weighing matrices
for which their weight is a square. Another feature that will be
desired is that the weight of the weighing matrix will be close
to its order.
It is well known [23] that if a Hadamard matrix of order

exists then or . It is conjectured that
a Hadamard matrix of order exists for each divisible by 4.
There are many constructions for Hadamard matrices and they
are known to exist for many values in this range. The first value
in this range for which no Hadamard matrix is known yet is

[21]. There are several constructions which yield sym-
metric Hadamard matrices. The well-known Sylvester’s type
Hadamard matrices which exist for each order , , is a
symmetric matrix. One of Paley’s constructions for Hadamard
matrices yields a symmetric Hadamard matrix of order ,
for each which is a power of a prime such that .

1There is a generalization for this definition for skew symmetric Hadamard
matrices (see [15, p. 89]), but this generalization is not considered in our paper.
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This construction covers several orders which are squares and
not powers of 2, such as , 100, 196, and 484. But, other
values such as , 324, 400, and 576, are not covered by
this construction. Another construction is given in [24] for all
orders of the form , where is odd. It covers a large set of
values, for example is covered by this construction.
We now turn our attention to conference matrices. It is well

known [11] that if a conference matrix of order exists then
. If then the matrix can be made

skew symmetric and if it can be made sym-
metric. It is conjectured that a conference matrix of order ex-
ists for each divisible by 4. If then a necessary
condition for the existence of a conference matrix of order is
that can be represented as a sum of two squares. It is con-
jectured that this condition is also sufficient.
Finally, another family of weighing matrices whose weight is

a square close to their order was given by [32]. For each power
of a prime , there is such a weighing matrix of order

and weight is . More information on orders of other
conference matrices and weighing matrices in general can be
found in [11] and [15].
In this paper, we examine lattices and codes related to

weighing matrices. We prove that the minimum Manhattan
(respectively Lee) distance of the lattice (respectively code)
derived from a generator matrix taken as a weighing matrix
of weight , is . We discuss properties of Reed–Muller like
codes, i.e., codes based on Sylvester Hadamard matrices, in
the Lee and the Manhattan metrics. These codes were used
before for power control in orthogonal frequency-division
multiplexing transmission. We prove bounds on their covering
radius and extend their range of parameters. We define trans-
formations which transform to (respectively to ),
in which each scaled cross-polytope (respectively Lee sphere)
in (respectively ) is transformed into a shape which can
be inscribed in a relatively small cube. The transformations
will preserve the volume of the shape and we believe that they
are optimal in the sense that there are no such transformations
which preserve volume and transform each scaled cross-poly-
topes (respectively, Lee spheres) into shapes inscribed in
smaller cubes. Generalization of the transformations yield
some interesting lattices and codes which are related to the
codes based on Sylvester Hadamard matrices.
The rest of the paper is organized as follows. In Section II,

we discuss the use of weighing matrices as generator matrices
for codes (respectively lattices) in the Lee (respectively Man-
hattan) metric. We will prove some properties of the constructed
codes (respectively lattices), their size, minimum distance, and
on which alphabet size they should be considered for the Lee
metric. In Section III, we will construct codes related to the
doubling construction of Hadamard matrices. We will discuss
their properties and also their covering radius. In Section IV,
we present the volume preserving transformations which trans-
form each scaled cross-polytope (respectively, Lee sphere) in
(respectively ), into a shape which can be inscribed in a

relatively small cube. These transformations are part of a large
family of transformations based on weighing matrices and they
will also yield some interesting codes. Some connections to the

codes obtained in Section III will be discussed. Conclusions and
problems for future research are given in Section V.

II. CODES GENERATED FROM WEIGHING MATRICES

This section is devoted to codes whose generator matrices
are weighing matrices. We will discuss some basic properties
of such codes.
Each weighing matrix can be written in a normal form such

that its first row consists only of zeroes and s, where all the
zeroes precede the s. For this, we only have to negate and per-
mute columns. We will now consider weighing matrices written
in normal form, unless we will apply some operations on the
original matrix in normal form and obtain one which is not in
normal form. We note that a weighing matrix is equivalent
to a weighing matrix if is obtained from by per-
muting rows and columns, and/or negating rows and columns.
In the sequel, let denote the unit vector with an one in the
th coordinate, let denote the all-zero vector, and let denote
the all-one vector.
Theorem 1: Let be a weighing matrix of order and

weight and let be the corresponding lattice. Then,
1) The minimum Manhattan distance of is .
2) The volume of is .
3) can be reduced to a code of length , in the Lee
metric, over the alphabet . The minimum Lee distance
of is .
Proof:

1) The minimum Manhattan distance of is the weight
of the nonzero lattice point of minimumManhattan weight.
Let be a nonzero lattice point ofminimumMan-
hattan weight. The point is obtained by a linear combi-
nation of rows from .
Let be a row which is included in this linear combination
with a coefficient , . Let be the matrix obtained
from by negating the columns in which has s.
Let be a lattice point in formed from the linear
combination of the same related rows of , as those from
which was formed from . The values in and are the
same in those columns which are the same in and .
The values in are the negation of the values in in those
columns in which is the negation of . Hence, and
have the same Manhattan weight. The same argument

holds for all the lattice points of and the related lat-
tice points of . Therefore, the point has minimum
Manhattan weight in . The related row has only
zeroes and ones and without loss of generality (w.l.o.g.)
we can assume that the ones are in the last coordinates.
Hence, in all the other rows of the sum of elements
in the last coordinates is zero (since two distinct rows
of are orthogonal). The coefficient of , in the linear
combination from which is obtained, is . Hence, the
total sum of the elements in these last coordinates of
is . Thus, the Manhattan weight of is at least .
All the rows in have Manhattan weight and hence the
minimum Manhattan distance of is exactly .

2) The volume of is the determinant of . Since
it follows that .

Therefore, we have that .
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3) Let be row of and let be the th entry in this

row. Clearly, for any given , ,
(since the th column is orthogonal to all the columns

of except itself). Hence, is a lattice point in
and therefore, if and only

if . Thus,
has period , and can be reduced to a code

of length , in the Lee metric over the alphabet . More-
over, it implies that in a lattice point of minimum weight

we have for each , .
The lattice points of minimum Manhattan weight are
also codewords in (where is replaced by ) and
hence the minimum Lee distance of is also .

A code is called self-dual if it is equal to its dual. Since the
inner product of two rows from a weighing matrix is either 0
or , it follows that the code reduced from is contained
in its dual. Since the size of the code is and the size of the
space is , it follows that the dual code has also size . Thus,
we have
Theorem 2: Let be a weighing matrix of order and

weight . If is the code over reduced from then
is a self-dual code.
Self-dual codes were considered extensively in coding theory,

e.g., [28]. The lattice is the dual of the lattice if contains
all the points in whose inner product with the lattice points
of is an integer. We are not interested in dual lattices as the
related lattice points have usually some noninteger entries.
Let be an matrix over . The rank of over

is defined to be the maximum number of linearly independent
rows of over . If a linear code over has dimension
then the rank of its generator matrix is also . Given a weighing
matrix of order and weight , by Theorem 1 we have that
the volume of is . Hence, the number of codewords
in the code reduced from , over the alphabet is .
Therefore, a generator matrix of has at least rows. The
rank of is the actual number of rows in the generator matrix.
Hence, we are interested in the rank of .
Theorem 3: The rank of a Hadamard matrix of order over
is .
Proof: Let be a Hadamard matrix of order . By The-

orem 2 we have that the code reduced from , to the Lee
metric over , is a self-dual code. Therefore, it is easy to verify
that the words of length with exactly two nonzero entries equal
are codewords of . Consider the generator matrix

...
...

...
. . .

...
...

the lattice is a sublattice of . Thus, the rank of the
generator matrix for the code reduced from over is
at least . If the rank of the generator matrix of is then
it can be diagonalized to have one row with Hamming weight
one. But this row can only be , for some , . It
implies that the rank of over is less than , i.e., .

If is a prime then is the additive group of the field
, and hence the rank and the dimension coincide. The conse-

quence is the following theorem which is proved by a slightly
different argument.
Theorem 4: If is a conference matrix of order ,

where is a prime, then its rank over (also ) is .

Proof: Since the volume of is and is a prime,
it follows that in a lower diagonal matrix representation, the gen-
erator matrix of has a diagonal with s and s.
Thus, the rank of over is . Since is a prime, it fol-
lows that the ring is equal to the finite field .
We have examined the code reduced from over the

alphabet for the minimum distance in the Lee metric, which
is the topic of this paper. We believe that a surprising result will
be derived if we will examine the Hamming distance of these
codes.
Conjecture 1: If is a code of length constructed from

a generator matrix which is a conference matrix then is a
maximum distance separable (MDS) code of dimension
and minimum Hamming distance .
Conjecture 1 was verified to be true up to , where the

conference matrices are based on the Paley’s construction from
quadratic residues modulo . Codes with these parameters (self-
dual MDS of length , a prime power) were constructed
in [17].

III. CODES FROM THE DOUBLING CONSTRUCTION

The most simple and celebrated method to construct
Hadamard matrices of large orders from Hadamard matrices of
small orders is the doubling construction. Given a Hadamard
matrix of order , the matrix

is a Hadamard matrix of order .
A Sylvester Hadamardmatrix of order , , is a Hadamard

matrix of order obtained by the doubling construction
starting with the Hadamard matrix of order one. This
matrix is also based on the first-order Reed–Muller code [23].
Next, we construct a new family of lattices and codes. A gen-

erator matrices , , for these lattices have
entries in , and they are generated from a matrix de-

fined as follows. Let and ,

. Let , , be the matrix con-
structed from as follows. Let be the Hamming weight of
the th row of . If then the th row of will
be the same as the th row of . If then the th row of

will be the th row of multiplied by .
It is easy to verify that can be defined recursively as

follows. For , is given by

where is given by
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and .
The following lemma can be proved by applying a simple

induction.
Lemma 5: For all , .
Example 1: The Sylvester Hadamard matrix of order 3, is a

Hadamard matrix of order 8, given by

In it generates the same lattice as the generator matrix

Reducing the entries of into zeroes and ones yields

and obtained from is the following matrix:

Clearly, the rows of are linearly independent. Let
be the lattice whose generator matrix is ,

and the code reduced from , over , whose
generator matrix is . was constructed by a com-
pletely different approach for the control of the peak-to-mean
envelope power ratio in orthogonal frequency-division mul-
tiplexing in [31], where its size and minimum distance were
discussed. How can this sequence of codes be generalized for
length which is not a power of two and to Hadamard matrices

which are not based on Sylvester matrices? A possible answer
to this question and our different approach for these codes will
be demonstrated in Section IV.
Linear error-correcting codes are investigated by their gen-

erator matrices and parity-check matrices. We will not use the
parity-check matrices of our codes in this paper. Even so, at the
end of the section we will discuss the structure of parity-check
matrices of and . We will present a recursive
and nonrecursive construction for these matrices.
The following lemma is an immediate result from the recur-

sive construction of .
Lemma 6: The number of rows with Hamming weight ,

, in is .
By Lemma 6 and by the definition of , we have that

for each , , there exist rows in with Man-
hattan weight . These are the only weights of rows in .
Theorem 7:
1) The minimum Manhattan distance of is .
2) The volume of the lattice is .
3) is reduced to the code . has min-
imum Lee distance .
Proof:

1) The minimum distance of can be derived by a
simple induction from the recursive definition of .

2) The volume of can be derived easily by induc-
tion from the recursive definition of or by a very
simple direct computation from Lemma 6.

3) It is easily verified by using induction that for each ,
, the point is contained in . Thus,
can be reduced to a code of length , in the Lee

metric, over the alphabet . The minimum Lee distance
can be derived also by a simple induction.

In Section IV, we will consider codes related to the lattice
. The covering radius of these codes will be an impor-

tant factor in our construction for a space transformation. There-
fore, we will devote the rest of this section to find bounds on the
covering radius of the lattice , which is equal to the cov-
ering radius of the code .

is equal to and hence its covering radius is
consists of all the points in which have an even

sum of elements. The covering radius of this code is clearly
is a diameter perfect code with minimum Lee dis-

tance 4 and covering radius 2 [2], [13]. In general, we do not
know the exact covering radius of except for two lat-
tices (codes) for which the covering radius was found with a
computer aid. The covering radius of equals 6 and the
covering radius of equals 8. We also found that the cov-
ering radius of is at most 20. However, two bounds
can be derived from the structure of . Let be
the covering radius of the lattice (and also the code

).
Theorem 8: , for ,

where , and .
Proof: Let , where . We have

to show that there exists a codeword such that
.
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Let be the word obtained from by reducing
each entry of modulo . Let be a codeword in

such that . By using
the same linear combination of rows from ,
which was used to obtain in , with computation modulo
instead of modulo which was used for , we obtain a

word not necessarily equal to (for each coordinate,
the values of and are equal to modulo ).
For each , we form a word as fol-

lows. Let ,
such that . If then .
If then . It is easy to verify
by the definition of that and

for each . Therefore,

is a codeword in .
Recall that and
and therefore . By the
definition of , we have that and hence

.
Let be the word defined as follows. If

is an even integer then and if is an odd in-
teger then . Since the covering radius of

is , it follows that there exists
a codeword such that

. Clearly, and
. It implies that

. Thus,
.

One can analyze the bound of Theorem 8 and obtain that
when is large is less than approximately ,
or . But, we believe that the covering radius of
is considerably smaller.
Theorem 9: ,

, where for and upper bound on
is given in Theorem 8.

Proof: Let , where . We have
to show that there exists a codeword such that

.
Let be the word obtained from by reducing

each entry of modulo . Let be a codeword in
such that . By

using the same linear combination of rows from ,
which was used to obtain in , but with computation
modulo instead of modulo which was used for , we
obtain a word not necessarily equals to (for each
coordinate, the values of and are equal to modulo ).
For each , we form a word as

follows. Let ,
such that . If then . If

then . It is easy to verify by the defini-
tion of that and for

each . Therefore,
is a codeword in and similarly to the proof of Theorem
8 we have .
Since the covering radius of is , it

follows that there exists a codeword such that
. Clearly,

and .
Thus, .
The covering radius of a code can be computed also from

the parity-check matrix of the code. Even so, we are not using
this matrix, it would be interesting to examine the parity-check
matrix of the code for completeness. We construct the
parity-check matrix of the code from the ma-
trix as follows. Let be the Hamming weight in the th
row of . If then will contain the th row
of multiplied by . There are no other rows in .
One can verify that , , is defined recur-

sively as follows (we leave the formal proof to the reader). For
, is given by

where is defined by

and , for .
is constructed from by omitting the last

row.
Example 2: We continue as in Example 1 to consider the case

and obtain

IV. LEE SPHERE TRANSFORMATIONS

In multidimensional coding, many coding techniques are ap-
plied on any -dimensional subrectangle of . For practical
reason, a large -dimensional rectangle is taken instead of .
The technique cannot be applied on other shapes in which
are not inscribed in , e.g., [1], [7], [14]. Assume that we want
to apply such a coding technique which is applied on any -di-
mensional subcube of to a different -dimensional shape
of . It can be done by applying the technique on the smallest

cube which inscribes . The problem is that the volume of
might be much greater than the volume of and the efficiency
of the coding technique usually depends on the volume of the
shape on which it is applied. Therefore, we seek another type
of solution. We will solve this by an invertible transformation

, which preserves volumes, in which each -di-
mensional shape of is transformed into a shape . We
require that can be inscribed in a relatively small -dimen-
sional rectangle (smaller than ). The original technique is
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now applied on and the shape (rectangle) which cir-
cumscribes .We apply the transformation on after
the technique was applied. The result will be that the coding
technique was applied on the shape .
One of the most important shapes, which has the role of

in this context, is the -dimensional Lee sphere with radius
, . Clearly, an -dimensional Lee sphere with radius

can be inscribed in an -dimen-

sional cube. In [14], a transformation of is given for which
is transformed into a shape inscribed in a cube of size

. The gap from

the theoretical size of the smallest cube that can circumscribe
a transformed Lee sphere is still large. The reason is that

, when is fixed and .
The goal of this section is to close on this gap. In the process,
some interesting codes and coding problems will arise.
The transformation that we have to define is clearly a discrete

transformation, but we start with a continuous transformation
. This is done for three reasons. First, for com-

pleteness. Second, this transformation has its own interest and it
leads for some interesting codes and coding problems. Last, but
not the least, the discrete transformation is defined in terms of
the continuous transformation. Since we are dealing with a con-
tinuous transformation, the -dimensional Lee sphere will be re-
placed by its counterpart, the -dimensional scaled cross-poly-
tope. Hence, the continuous transformation can be viewed as a
transformation on the scaled cross-polytopes. The transforma-
tion which will be described will make use of weighing matrices
with some symmetry (symmetric or skew-symmetric).

A. Continuous Transformation

In this section, we are going to define a sequence of trans-
formations based on symmetric or skew symmetric weighing
matrices, some of which will transform Lee spheres (or scaled
cross-polytopes) in the space, into shapes inscribed in relatively
small cubes. These transformations also form some interesting
codes in the Lee and Manhattan metrics which are related to
the codes defined in Section III. Of these transformations, there
is one which will preserve volumes and will serve as our main
transformation.
Let be a symmetric or skew symmetric weighing matrix

of order and weight . Given a real number , we define
a transformation , as follows. For each

,
(2)

Lemma 10: Let be a weighing matrix of order and
weight and let be a positive real number.
1) If is symmetric then for all ,

2) If is skew symmetric then for all
,

Proof: We will prove the case where is a symmetric
matrix. For each ,

The case in which is a skew symmetric matrix has a similar
proof.
Let be a symmetric or a skew symmetric weighing matrix

of order and weight and let be a positive integer which
divides . Let be the set of points in which are mapped
to points of by the transformation given by (2), i.e.,

The proof of the next theorem can be deduced from the theory
of dual lattices [12]. But, to avoid a new sequence of definitions
and known results we will provide another direct proof.
Theorem 11: Let be a symmetric or a skew symmetric

weighing matrix of order and weight , and let be a positive
integer which divides . Then, is a lattice with minimum
Manhattan distance ; moreover . Finally,
can be reduced to a code of length , in the Lee metric, over
the alphabet .

Proof: We break the proof into three parts. First, we will
prove that is a lattice. We will proceed to prove that the
minimum Manhattan distance of is , and that can be
reduced to a code of length in the Lee metric over the
alphabet . Finally, we will prove that .
1) If then and

. Hence,

and therefore , i.e., is a lattice.
2) Since is a lattice it follows that its minimum Man-
hattan distance is the Manhattan weight of a nonzero
lattice point with minimum Manhattan weight. Let

be a nonzero lattice point, i.e.,
.

There exists at least one for which . For this ,
we have (recall, that is the th

entry in the th row of ). Since for every
, , it follows that . Thus, the
Manhattan weight of is at least and the same is true
for the minimum Manhattan distance of . It is easy
to verify that is a point in and
hence the minimum Manhattan distance of is exactly
; and can be reduced to a code of length , in
the Lee metric, over the alphabet .

3) Let , i.e., , . By Lemma
10 we have equals either or
, i.e., , which implies that .

Therefore, .
Let , i.e., , , where

. By Lemma 10, we have that
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equals either or , and hence .
Therefore, .
Thus, .

Theorem 12: Let be a symmetric Hadamard matrix of
order and let be a positive integer which divides .
If is even then the minimum Lee distance of is . If
is odd then the minimum Lee distance of is greater than
and is at most .

Proof: If is even and divides then is a
codeword in and the minimum Lee distance follows from
Theorem 11.
If is odd and divides then also divides . W.l.o.g. we

assume that the first row of consists of s and the second
row consists of s followed by s. Therefore, in all
the other rows of we have exactly s and s in the
first entries. By the definitions of and , it implies that
the word of length with ones followed by zeroes is a
codeword in . Hence, the minimum Lee distance of is at
most .
Assume that the minimum Lee distance of is . Hence,

there is a lattice point in with Manhattan weight and
at least two nonzero entries. Since contains a row with all
entries s it follows that the sum of elements in is , 0, or
. Since is odd, it follows that this sum cannot be 0. Hence,
cannot contain both positive and negative entries. Since does
not have identical columns, it implies that the result of the inner
product of some rows in with is not divisible by . Hence,
is not a lattice point in , a contradiction. By Theorem 11, the
minimum Lee distance of is at least and thus the minimum
Lee distance of is greater than and is at most .
Theorem 12 provides some information on the minimum Lee

distance of the code , where is a Hadamard matrix. In
general, for a weighing matrix , what is the Lee distance of
the code ? It appears that it is not always reduced to as the
Manhattan distance of . In fact, if we conjecture
that it is always , in contrast to the result in Theorem 12 for

.
Theorem 13: If is a symmetric or a skew symmetric

weighing matrix of order and weight then .
Proof: Clearly, is equal . By Theorem 11, we have

that . Since it follows that
contains exactly all the linear combinations of the rows from
. Thus, .
Lemma 14: Let be a symmetric or a skew symmetric

weighing matrix of order and weight . If divides and
, then .

Proof: If and the entries of are divisible by
then by definition we have . Since divides , it

follows that the entries of are divisible also by . Hence,
and . By Theorem 11, the minimum dis-

tance of is and the minimum distance of is . Thus,
.

Corollary 15: Let be a symmetric or a skew symmetric
weighing matrix of order and weight . If divides then

contains .

We now turn to a volume preserving transformation from the
set of all transformations which were defined. This transfor-
mation is and for the sake of simplicity we denote it by

to be

(3)

Theorem 11 is applied also with the transformation
. In this case , where is a positive integer,

is a lattice with minimum Manhattan distance ,
and . Finally, can be reduced to a code

of length , in the Lee metric, over the alphabet .
Lemma 16: A scaled cross-polytope, centered at

, , is inscribed after the transfor-
mation inside an -dimensional cube of size

Proof: is contained in the following set of
points:

where . This set of points is transformed by
the transformation into the following set of points:

If then, for ,

Therefore, the set is located inside the fol-

lowing -dimensional cube:

We note from the lemma that the volume of the cube into
which the scaled cross-polytope is inscribed does not depend
on its center.
Note that since , the transformation

also preserves volumes. The volume of the scaled cross-poly-
tope is while the volume of the -dimensional cube which
inscribed it is . If we choose , i.e., a Hadamard
matrix of order , then we get that the ratio between the vol-
umes of the -dimensional cube and the scaled cross-polytope
is . The shape of the Lee sphere is very similar to the one of
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the scaled cross-polytope and hence a similar result can be ob-
tained for a Lee sphere. But, a continuous shape like the scaled
cross-polytope is more appropriate when we consider a contin-
uous transformation. We note that the volume of a Lee sphere is
equal to the number of integer points inside the sphere.

B. On the Connection Between and

In this section, we consider some interesting connections be-
tween the code defined in Section III and the code
defined in Theorem 11, where the weighing matrix is the
Hadamard matrix .
Lemma 17: The inner product of a lattice point from

and a lattice point from is divisible by .
Proof: The lattice is equal to the lattice .

By Theorem 1, this lattice is reduced to a code, in the Lee metric,
over the alphabet . It follows that the inner product between
lattice points of is divisible by . The sum of the
entries in a row of is exactly . The sum of elements
in a given row of is , for some such that .
This row is obtained by dividing the entries of the related row
in by . Hence, the inner product of this row with
any lattice point of is divisible by . Therefore, the
inner product of any row in and a lattice point from

is divisible by .
Thus, the inner product of a lattice point from and a

lattice point from is divisible by .
Corollary 18: The inner product of a codeword from

and a codeword from is divisible by .
Example 3: We continue with , as in Example 1, and

consider . The results of Lemma 17 and Corollary 18 can
be demonstrated by considering the product .
The entries of are divisible by .

Lemma 19: .
Proof: By Corollary 18, the inner product between a code-

word of and a codeword of is divisible by .
Since is the generator matrix of , it follows that if

then the entries of are divisible by and
therefore .
Thus, .
Corollary 20: The covering radius of the code is less

than or equal to the covering radius of the code .
Conjecture 2: .
For the next result, we need one more definition and a few

observations. For a given word , the reverse of
, , is the word obtained from by reading its elements from

the last to the first, i.e., . It is readily verified
that for each , , if and only if

. Moreover, if we take the matrix which consists of all

the reverse rows of we will obtain another generator
matrix for . Finally, a simple proof by induction on
using the structure of can be given for the following lemma.
Lemma 21: If the th row, , of has weight

then the th row of has weight .
Lemma 22: If , the th row, , of the matrix ,

, has Manhattan weight then is a multiple by
of the reverse for the th row of the matrix .
Proof: The proof is by induction on . The trivial basis is
. Assume the claim is true for .

Let be the th row, , of , and
let be the th row of . If the weight of is
then the weight of is . is the th row of

and hence by the induction hypothesis is a multiple
by of . It is also easy to verify that if then

. The th row of
is and hence .
By Lemma 21 and since is a symmetric matrix, which

implies , we have the following equations.
and hence

. Thus, the claim of the lemma holds also for the
th row, , of .
Example 4: We continue to consider as in Example

1. Let be the matrix obtained by reversing the rows of .
The following product of matrices demonstrates the result of
Lemma 22:

Lemma 23: .
Proof: If , the th row of , has weight , , then

by definition the th row of is equal to . By Lemma
22, we have that is a multiple by of the reverse of
the th row of . Hence, is a multiple
by of the reverse of the th row of . By
Lemma 21, the th row of has weight .
Therefore, the Manhattan weight of is which
implies by the definition of that is a
row in .
If , the th row of , has weight , , then the th row

of is equal to and its weight is . By Lemma
22, we have that is a multiple by of the reverse of
the th row of . Hence, is the
reverse of the th row of . By Lemma 21, the

th row of has weight . Therefore,
by the definition of we have that
is a row in .
We have shown that a basis of is transformed by the

transformation to a basis of . Since
and are lattices, and is a linear transforma-
tion, it implies that .
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Corollary 24: if and only if
.

C. Discrete Transformation

For the discrete case we want to modify the transfor-
mation , used for the continuous case. Let be a
positive integer and a symmetric weighing matrix of
order and weight . Let be the set of coset
leaders of the lattice defined in Theorem 11 based
on (3). The discrete transformation
is defined as follows. For each , let

, where
and . The choice of

the pair and is unique once the set of
coset leaders is defined. Let

where is defined in (3).
Lemma 25: For each ,

Proof: Let be a point such
that , where

and . By the definition
of we have that

Since it follows by Theorem 11 that
and hence by the definition of

we have that

Finally, by Lemma 10 we have that

Thus,

Theorem 26: Let be the covering radius of the lattice .
A Lee sphere with radius is inscribed after the transformation

, inside an -dimensional cube of size

Proof: A Lee sphere with radius and center
, , is the following set of

points:

where . For each let
, be the coset leader in the coset of with

respect to the lattice . The set is transformed after
the transformation into the following set:

Let . Since the
covering radius of the lattice , defined in Theorem 11, is ,
it follows that . Then, for ,

Therefore, the set can be located inside a

discrete
-dimensional cube which contains the points of from the
set

The size of an -dimensional Lee sphere with radius is
, when is fixed and . The size

of the inscribing -dimensional cube is .

Since the covering radius of the code is a low-degree
polynomial in (see the following paragraph), and is fixed,
we get that for the size of the inscribing -dimen-
sional cube is . Therefore, the size of the
cube is greater roughly times than the size of the -di-
mensional Lee sphere. This is a significant improvement with
respect to the transformation given in [14], where the -dimen-
sional Lee sphere is inscribed inside an -dimensional cube of
size .
Generally, it is straightforward to show that the covering ra-

dius of the lattice , where is a weighting matrix of order
and weight , is at most , but we believe it is

considerably smaller. If is then an analysis of Theorem
9 implies that the covering radius of is at most . But,
we mentioned that we believe that the covering radius is much
smaller, mainly since we think that the bound of Theorem 8 can
be improved, while we conjecture that the bound of Theorem 9
is quite tight.
We have considered the code for a given weighing ma-

trix with weight . We note that the code , , de-
fined in Theorem 11 seems to be not interesting when is a
weighing matrix of order and weight . The reason for
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this is that except for the fact that the code is reduced to a code in
the Lee metric over the alphabet , the code essentially equals
to the code . All the codewords of are contained in

. Even so we have considered the code , for the discrete
transformation, since the covering radius of the code makes it
still attractive for the discrete transformation.

V. CONCLUSION AND PROBLEMS FOR FUTURE RESEARCH

We have considered the linear span of weighing matrices as
codes in the Lee and the Manhattan metrics. We have proved
that the minimum Lee distance of such a code is equal to
the weight of a row in the matrix. A set of codes related to
Sylvester Hadamard matrices were defined. Properties of these
codes, such as their size, their minimum distance, and their cov-
ering radius were explored. We have defined a transformation
which transforms any Lee sphere in the space (also a scaled
cross-polytope in the continuous space) into a shape with the
same volume (in the continuous space) located in a relatively
small cube. The transformation was defined as one of sequence
of transformations which yield a sequence of error-correcting
codes in the Lee metric. These codes are related to the codes
obtained from Sylvester-type Hadamard matrices. Many inter-
esting questions arise from our discussion, some of which were
already mentioned. The following questions summarize all of
them:
1) What is the covering radius of the code obtained from a
Hadamard matrix?

2) Is the code of length , prime, obtained from a con-
ference matrix of order an MDS code?

3) Are the code and the related code , equal?
4) Determine the size of the code obtained from a general
Hadamard matrix of order .

5) What is the covering radius of the code ?
6) Is it possible to find a volume preserving transformation
which transfers each Lee sphere into a shape inscribed in
a cube whose size is smaller than the one given in our
constructions? What about the same question for a scaled
cross-polytope?

7) What is the minimum Lee distance and the covering radius
of , for a given weighing matrix ? The first inter-
esting cases are when is a Hadamard matrix or a con-
ference matrix.
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